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Abstract 



In this paper we deal with the global properties of Willmore surfaces in spheres via the 
harmonic conformal Gauss map using loop groups. 

A main result is a global description of the harmonic maps corresponding to Willmore sur- 
faces (Theorem 3.10 and Theorem 3.16). 

As a second main result, for the construction of examples, we identify specific types of 
potentials (for the loop group formalism) which are characteristic for certain types of Willmore 
surfaces, like Willmore spheres, equivariant Willmore surfaces or Willmore surfaces with finite 
order rotational symmetries. 

For the case of Willmore surfaces we prove that every (conformally) harmonic map into some 
non-compact symmetric space G/K induces a (conformally) harmonic map into the compact 
dual space U /{U n K c ). As a consequence all Willmore spheres are of finite uniton type. 

The third main result is the construction of new examples, in particular of an explicit, 
unbranched (isotropic) Willmore sphere into S G which is not S- Willmore. 

Keywords: Willmore surfaces; conformal Gauss maps; normalized potential; non-compact 



symmetric space; Iwasawa decompositions. 



1 Introduction 



Immersions which are critical points of certain functionals have been investigated from the 
beginning of differential geometry. It is surprising that the "total mean curvature functional" 

W = / H 2 dM 

for an immersion did not receive much attention until 1965, when Willmore stated his famous 
conjecture |62j on the Willmore functional of 2-tori. This seems to be the more surprising since 
the total Gauss curvature integral J M KdM of a closed surface M, relating the topology to 
metric properties of a surface via the celebrated Gauss-Bonnet formula, is frequently used. 
It was realized soon that the "Willmore functional" 



W = / (H 2 - K)dM 
Jm 



and rl = f M H 2 dM for surfaces in R n have the same critical points and that W is conformally 
invariant |61| . As a consequence, the critical surfaces of the Willmore functional, i.e. Will- 
more surfaces, are also conformally invariant. Actually this was already known to Blaschke and 
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his students [3]. They called such surfaces "conformally minimal surfaces". Moreover, due to 
the work of Blaschke 1 jj . Bryant [8], Ejiri [31], Willmore surfaces are related with conformally 
harmonic maps, via the conformal Gauss map. The seminal work of Bryant [8], [9], provided 
a modern treatment of Willmore surfaces by using moving frame methods and also algebraic 
geometry. Following Bryant's results Willmore surfaces received much attention and were in- 
vestigated using various methods, see for example [5], [11], [15], [31], [33], [33], [36], [37], [52] . 
Although the geometric methods applied by Bryant have shown their power for the study of 
Willmore surfaces, many questions are still open, especially for Willmore surfaces in S n ,n > 4. 
Certainly one of the open problems is whether there exist new kinds of Willmore two spheres in 
S n when n > 4. 

The close relationship between Willmore surfaces and harmonic maps into symmetric spaces 
is an indication ( also see [TT]) that it may be useful to apply integrable system methods for the 
study of Willmore immersions. This is by far not a new idea and many authors have chosen this 
approach, see for example [2], [5], [33], [3S], [64J. 

However, in [33] singularities will occur which are difficult to control and the other papers 
only deal with special questions. The authors of this paper are not aware of any framework 
studying Willmore surfaces in S n by using loop group methods in a complete and satisfactory 
way. It is the goal of this paper to provide such a complete framework in which one is able to 
answer at least some of the still open questions for Willmore surfaces in S n and to illustrate this 
work by examples, some of which are new. 

The application of integrable system methods to geometric questions started in the 70's. In 
this paper we mainly use integrable system techniques in the context of harmonic maps from 
surfaces into symmetric spaces. The seminal paper by Uhlenbeck [57] leads to an understanding 
of harmonic 2-spheres in U(n). The introduction of loop group methods and the realization 
of Backlund transformations as dressing action presented in [57] developed into a standard 
technique for the study of more general harmonic maps and their associated surface classes. 

Uhlenbeck's treatment for harmonic 2-spheres was developed further by Burstall and Guest 
for all compact Lie groups and all compact inner symmetric spaces [12]. A somewhat different 
viewpoint was introduced in [26J. The use of extended frames was supplemented by the study 
of holomorphic extended frames which induce the same harmonic map. The Maurer-Cartan 
forms (also called "potentials") of such holomorphic frames is in some sense quite similar to the 
Weierstrass representation of minimal surfaces in R 3 . 

This method has been shown to be successful in the study of many surface classes. In these 
cases one characterizes surfaces classes by the harmonicity of certain "Gauss maps" and applies 
the loop group method to these Gauss maps, see for examples [6], [13], [20], [21], [23] and 
reference therein. 

The main purpose of our paper is to build a framework for the global geometry of Willmore 
surfaces in S n+2 via the loop group method [26J. First it is well known that for any surface 
y : M 2 — > S n+2 , one can define globally a conformal map, called conformal Gauss map, Gr : 
M 2 Gri j3 i?™ +4 = SO + (l,n + 3)/50+(l,3) x SO(n). A beautiful description of this topic 
can be found in [15] (see also [59] for the general theory for submanifolds) . Then the theorem 
of Blaschke, Bryant, Ejiri, states that y is Willmore if and only if Gr is harmonic. So we have 
obtained a way to associate globally a conformally harmonic map to each Willmore surface into 
S n+2 . Actually, the potentials of conformal Gauss maps of Willmore surfaces satisfy a certain 
nilpotency condition ("strongly conformally harmonic maps"). 

How about the converse? As shown in Theorem 3.10 and Theorem 3.16, from a strongly 
conformally harmonic map Gr : M 2 Gr^R^ 4 = SO+(l, n + 3)/SO + (l, 3) x SO(n), we 
obtain, with the exception of some specific cases, a Willmore surface with Gr as its conformal 
Gauss map. This is the main topic in Section 3. Later, in section 5, we show that the strongly 
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conformally harmonic maps which are not associated with Willmore surfaces can be recognized 
by some property of their potential and can thus easily be avoided (see Theorem 5.2 for details). 

Since we are particularly interested in Willmore spheres in S n+2 we characterize their po- 
tentials. In order to achieve this goal we show (see Theorem 4.21) that to every harmonic map 
/ : M — > G/K, M any simply connected Riemann surface, G/K a non-compact inner symmetric 
space, one can construct a harmonic map fu : M — > U/ (UnK c ), into the compact dual of G/K 
which has the same potential as the original harmonic map /. As a consequence of the work of 
Burstall and Guest |12j we obtain that every Willmore sphere in S n+2 is of finite uniton type. In 
particular, its potential only takes values in some nilpotent Lie algebra which can be described 
explicitly due to results of [12]. As a consequence of this we know exactly which potentials can 
yield Willmore spheres. The only issue remaining is whether there will be branch points (or 
even worse singularities). A detailed discussion of Willmore spheres in S n+l is contained in |27j . 
We state an explicit example of a new, full, singularity free (isotropic) Willmore sphere in S 6 
which is not S-Willmore. 

As further examples we give Willmore surfaces with symmetries like equivariant Willmore 
surfaces and homogeneous Willmore surfaces. Some of these examples are new to the authors 
knowledge. 

This paper is organized as follows: In Section 2 we recall the moving frame treatment of 
Willmore surfaces, following the methods of [15], relating a Willmore surface with its conformal 
Gauss map. We also briefly compare our treatment with Helein's framework. Then we introduce 
the basic facts about harmonic maps and apply them to describe the conformal Gauss maps in 
Section 3. Moreover, also in this section, we describe a global correspondence between Willmore 
surfaces and conformally harmonic maps of a special type. In Section 4, we first recall the DPW 
method for harmonic maps into symmetric spaces. Some results, so far only proven for compact 
symmetric spaces, we generalize to our non-compact case. Section 5 is devoted to the application 
of our main results, including a description of the potentials corresponding to Willmore surfaces 
which are conformal to minimal surfaces in R n . Moreover, by using Wu's formula (see section 4.3 
and [63]), we show that isotropic Willmore surfaces in S 4 are Willmore surfaces of finite uniton 
type and, last not least, we present a concrete new non-S-Willmore Willmore two sphere in S 6 . 
Finally, we discuss Willmore surfaces with symmetries. It turns out that many of the examples 
presentetd in this section admit a one-parameter group of symmetries. In the end of Section 
5, we briefly discuss homogeneous Willmore surfaces (surfaces with a two-parameter group of 
symmetries) in our framework. At the end of the paper there are two appendices: the first one 
is to show that there are two open "big cells" of the Iwasawa decomposition for the twisted loop 
groups used in this paper; the other one is a short discussion concerning inner symmetric spaces. 



2 Willmore surfaces in S n+ 

In [15], a natural and simple treatment of the conformal geometry of surfaces in S n+2 is pre- 
sented. Particular emphasis is given to conformal immersions into S 3 and S 4 and to conformal 
immersions of tori into S n+2 . In this paper we will use the same set-up and give a description of 
a conformal surface in S n+2 by using the Maurer-Cartan form of some lift. We will review first 
the projective light cone model of the conformal geometry of S n+2 and derive the surface theory 
in this model. In view of our goal to describe Willmore surfaces, we then reformulate conformal 
surface theory on the Lie algebra level. After these preparations, we will briefly recall the basic 
and well-known description of Willmore surfaces. 
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2.1 Conformal surface theory in the projective light cone model 

Let M™ +4 denote Minkowski space, i.e. we consider M n+4 equipped with the Lorentzian metric 

n+3 

< x,y>= -x y + ^2 x jVj = xt h,n+3y, h,n+3 = diag(-l, 1, • • • ,1). 
j=i 

Let C n+3 = {x G M™ +4 | < x,x >= 0, x > 0} denote the forward light cone of M™ +4 . It is easy 
to see that the projective light cone 

Q™+ 2 = {[x]e RP n+3 I x G C n+3 \ {0}} 

with the induced conformal metric, is conformally equivalent to S n+2 . Moreover, the conformal 
group of Q n+2 is exactly the projectivized orthogonal group 0(1, n + 3)/{±l} of M? +4 , acting 
on Q n+2 by 

T([x]) = [Tx], TeO(l,n + 3). 

By 50 + (l,n + 3) we denote the connected component of the special linear isometry group 
of M™ +4 which contains the identity element. Here " + " comes from the fact that SO + (l, n + 3) 
preserves the forward timelike direction. 

Then the Lie algebra of 0(1, n + 3) and SO + (l, n + 3) is 

50(1, n + 3) = g = {X G gl(n + 4,M)|X*/ 1)n+3 + h, n +3X = 0}. 

Let y : M — > S n+2 be a conformal immersion from a Riemann surface M. Let [/ C M be a 
contractible open subset. A local lift of y is a map Y : U C n+3 \ {0} such that it o Y = y. 
Two different local lifts differ by a scaling, thus they induce the same conformal metric on M. 
Here we call y a conformal immersion, if (Y Z ,Y Z ) = and (Y z ,Yg) > for any local lift Y and 
any complex coordinate z on M. Noticing (Y,Y Z z) = —(Yz,Yz) < 0, we see that 

V = Span R {Y, ReY z ,lmY z ,Y z - z } (1) 

is a rank-4 Lorentzian sub-bundle over U, and there is a natural decomposition U x M" +4 = 
V ® y- 1 ", where V 1 - is the orthogonal complement of V . Note that both, V and V^, are 
independent of the choice of Y and z, and therefore conformally invariant. In fact, we obtain a 
global conformally invariant bundle decomposition M x M" +4 = V © V^ -1- . For any p G M, we 
denote by V p the fiber of V at p. And the complexifications of V and V 1 - are denoted by Vc 
and respectively. 

Since Y takes values in the forward light cone C n+3 , we are only interested in conformal 
transformations which are contained in SO + (l,n + 3). 

Fixing a local coordinate z on U, there exists a local lift Y satisfying |dY| 2 = \dz\ 2 , called 
the canonical lift (with respect to z). Given a canonical lift Y we choose the frame {Y, Y Z ,Y Z , N} 
of Vc, where is the uniquely determined section of V over U satisfying 

(A, Y z ) = (A, Y z ) = (A, A) = 0, (A, Y) = -1. (2) 

Note that A lies in the forward light cone C n+3 and that A = 2Y ZZ mod Y holds. 
Next we define the conformal Gauss map of y. 

Definition 2.1. (JQ [23 EH U^i ) Let y : M — )■ S" 1 " 1 " 2 6e a conformally immersed surface. The 
conformal Gauss map of y is defined as 

Gr: M -»• Gr li3 (M™ +4 ) = 50+(l, n + 3)/50+(l, 3) x SO{n) () 
P e M ^ ' v p u 
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Moreover, let Y be a canonical lift of y with respect to a local coordinate z = u + iv. Embedding 
Gri t s(R™ + ) into the exterior product A 4 M™ +4 , we have 

Gr = Y A Y u A Y v A N = -2» • Y A Y z A ^ A N 

where N is the frame vector determined in ([2]) . 

Given a (local) canonical lift Y we note that Y zz is orthogonal to Y, Y z and Y z . Therefore 
there exists a complex valued function s and a section k G T(V^) such that 

r„ = -|y + K. (4) 

This defines two basic invariants of y: k, called the conformal Hopf differential of y , and s, 
called the Schwarzian of y. Clearly, k and s depend on the coordinate z (for a more detailed 
discussion, see [T5j 139]). 

Let .D denote the part of the natural connection of C n+4 . Then for any section ip £ r(V^ ) 
of the normal bundle and any (local) canonical lift Y of some conformal immersion y into S n 
we obtain the structure equations ([E], [17]): 

iV, = -2(«, K)y 2 - sY- z + 2Z> g «, 1 j 

[ ^ = + 2(^, D- z k)Y - 2{iP, k)Y- z , 

For these structure equations the integrability conditions are the conformal Gauss, Codazzi and 
Ricci equations respectively ( [To] , [17]): 

I S2 = 3(k,D z R) + (D z k, R), 

lm(D z D zK + |k) = 0, (6) 
i?£ = DgD z i/j - D Z D- Z ^ = 2(V>, k)« - 2(^, «)«. 

Choosing an orthonormal frame {ipjij = 1, • • • , n} of the normal bundle V 1 - over [/, we can 
write the normal connection in the form 



= h oi + b lj = °- 



2=1 

Then, the conformal Hopf differential k and its derivative D z k is of the form 

n n n 

j=l j=l j=l 



Finally, setting 

1 = -l(y^v,, w = _ 



i=(y + n), 2 = -J=(-y + ao, 03 = y + y, 04 = *(y - y), & 2 = £ i^i 2 , (7) 

i=i 



and defining the frame 

-F := (01,02,03,04,^1,- •• ,^n), (8) 

we obtain 
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Proposition 2.2. Let y : M — > S n+2 be a conformal immersion and Y its canonical lift over 
the open contractible set U C M. Then the frame F attains values in SO + (l,n + 3), F : U — > 
SO + (l, n + 3), and the Maurer-Cartan form a = F _1 dF of F is of the form 



a 



A 1 B 1 
B 2 A 2 



with 



A, 



( Si s 2 \ 

S3 S4 

Si -s 3 

V S 2 -S 4 / 
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1 



Si 



S3 



2^/2 
1 



(1 -s-2A; 2 ), s 2 



\ bin 



Bi 



2V2 

( V2Pi ••• V2(3 n \ 

k\ ■ ■ ■ k n 
V -iki ••• ~ik n j 



(1 + S + 2A; 2 ), s 4 



Bo 



(l + s-2fc 2 ), 

^(l-s + 2A: 2 ), 
2^/2 

/ V2fii VZfii h iki 
\ V2~P n \/2(3 n k n ik n 



(9) 



(10) 



- -SiIi 3. 



Conversely, assume we have some frame F = ((pi, ■■ ■ ,(pi,ipi,--- , ipn+i) '■ U — > SO + (l, n+3) 
such that the Maurer-Cartan form a = F~ l dF of F is of the above form, then 

y = vr (F) =: [(fa - ^)] (12) 

is a conformal immersion from U into Q n+2 = S n+2 (with canonical lift ^(^1 — ^2) )■ 

Remark 2.3. Note that for any point in M the rank of B\ is at most 2. The case B\ = is 
equivalent to y being conformal to a round sphere. The case of (maximal) rank(B\) = 1 will be 
discussed later. 



2.2 Willmore surfaces and harmonicity 

The conformal Hopf differential k plays an important role in the investigation of Willmore 
surfaces. To show this, we first take a look at the transformation formula of k. If w is another 
complex coordinate, then Y\ = Y '|^r| is a canonical lift with respect to w. So the corresponding 
Hopf differential m with respect to Y\ is 

f dz\ 2 .. dz . . , 

— (13) 

A direct computation using ([5]) and (|13p shows that the conformal Gauss map Gr induces a 
conformally invariant (possibly degenerate ) metric 

g:=±(dG,dG) = (K,K)\dz\ 2 

globally on M. Note that this metric degenerates at umbilical points of y, which are by definition 
the points where k vanishes (For Willmore surfaces with umbilical lines, we refer to [2]). 
Nevertheless, this metric can be used to define the Willmore functional. 
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Definition 2.4. Wrf ) The Willmore functional of y is defined as four times the area of 

M with respect to the metric above: 

W(y):=2i[ (ft, Jz)dz A dz. (14) 

An immersed surface y : M — >• S n+2 is called a Willmore surface, if it is a critical point 
of the Willmore functional with respect to any variation (with compact support) of the map 
y : M —?■ S n+2 . 

From formula (|13p it is straightforward to verify that W(y) is well-defined. Moreover, suppose 
that x : M — > IR™" 1 " 2 is the stereographic projection of y into M n+2 . Let H, K denote the mean 
curvature and Gauss curvature of x. Then one can verify easily that 

W(y) = W(x) = [ (H 2 - K)dM, 
Jm 

holds. Thus our definition of the Willmore functional coincides with the usual definition. It is 
well-known that Willmore surfaces can be characterized as follows [FJ \T5[ I3TI 1ST?] . 

Theorem 2.5. For a conformal immersion y : M — )• S n+2 , the following three conditions are 
equivalent: 

(i) y is Willmore; 

(ii) The conformal Gauss map Gr is a conformally harmonic map into G3 i(M™ +3 ); 
(Hi) The conformal Hopf differential k of y satisfies the "Willmore condition": 

D- z D- z k + |^ = (15) 

for any contractible chart of M. 

Remark 2.6. Note that the Willmore condition is stronger than the conformal Codazzi equation 
©■ 

Remark 2.7. The definitions and statements given above are correct, as long as the immersion 
y is sufficiently often differentiable. Considering the classical Willmore functional one observes 
that for the functional to make sense we only need that y is contained in the Sobolev space W 2,2 . 
It has been shown by Kuwert and Schatzle (see [33] and references therein) that already under 
these very weak assumptions it follows that the immersion y is real analytic. As a consequence 
of this, the conformal Gauss map of any Willmore immersion is real analytic as well. We will 
therefore always assume w.l.g. that our immersions all are real analytic. Since we have shown 
just above that these Gauss maps are conformally harmonic, in this paper we will exclusively 
consider real analytic harmonic maps. Note also that a general result of Eells and Sampson |29] 
states that harmonic maps from surfaces with Riemannian metric are real analytic. 

Now we introduce the notion of the so-called "dual Willmore surface" , which is of essential 
importance in Bryant's and Ejiri's description of Willmore two-spheres. 

Definition 2.8. (J2J/, JEH, WH ) Let y : M ->■ S n+2 be a Willmore surface with M the set of 
umbilical points of y. A map y = [Y] : M \ Mq — > S n+2 is called a "dual Willmore surface" of 
y, if Y(p) £ V p for any p £ M \ Mq and either y is a point, or y has the same conformal Gauss 
map as y on M \ Mq, (and hence y is also Willmore on the points where it is an immersion). 

There exist many Willmore surfaces ([2], [7], [8J, [31], [3S], etc.) which admit dual Willmore 
surfaces. But in general a Willmore surface in S n+2 may not admit a dual surface. To describe 
Willmore surfaces having dual surfaces, Ejiri introduced the so-called S- Willmore surfaces in 
|31] , For this paper it is convenient to define S- Willmore surfaces as follows (see also |48j): 
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Definition 2.9. (f31f) A Willmore immersion y : M — > S n is called an S-Willmore surface if 
on any open subset U, away from the umbilical points, the conformal Hopf differential k of y 
satisfies 

D z ^\ | ^ ) 

i.e. there exists some function n on U such that D2K + = 0. 

Corollary 2.10. Let y be a Willmore surface which is not totally umbilical. Then y is S- 
Willmore if and only if the (maximal) rank of B\ in Proposition ^.^ is 1. 

Theorem 2.11. (p|, [21], [7#], [22]) A (non totally umbilical) Willmore surface y is S-Willmore 
if and only if it has a unique dual (Willmore) surface except at the umbilical points. 

To deal with umbilical points, we need a technical lemma on complex Ricatti equations, 
which appears naturally in the study of Willmore surfaces (see e.g. (4.8) in [47] and (64) in 
|34j), as well as in other fields. The Ricatti equation can be written as 

to - y ~ s = °- ( 16 ) 

In general, [i can be written in the form fi = — ^f-. And the equation (|16p is equivalent with 
the linear equation 

v Z z + \v = 0. (17) 

Lemma 2.12. Let D C C be a contractible open subset of C containing 0. Let v = v(z,w) and 
s = s(z, w) be two holomorphic functions for any (z,w) 6DxD satisfying f)17|) . with v(0, 0) = 
and v ^ 0. Then the limit of the function \i = —"^f- exists when (z,w) — > (0,0), i.e., it is a 
finite number or oo. 

Proof. Let v\ and V2 be two solutions of (|17p satisfying the initial conditions 

^i(0,w) = l, (u 2 (0,w)=0, 
ui z (0,w) = 0, \v 2z (0,w) = l, 

respectively for every weD. Then every solution v of f)17[) is of the form v = ti(w) ■ v\{z, w) + 
T2(w) ■ V2{z,w), with Ti(w), T2(w) holomorphic functions in w. The condition z^(0, 0) = yields 
Ti(0) = 0. If ^(0,0) ^ 0, then fi goes to infinity when (z,w) — > (0,0). So we only need to 
consider the case z^ 2 (0,0) = 0. Hence we obtain T2(0) = 0. Now write ti(w) and T2(w) in 
the form t\ = w mi hi(w) and T2 = w m2 h2(w) with mi,rri2 £ Z + , h\{w), h2(w) holomorphic 
functions and /ii(0)/i2(0) 7^ 0. Hence [i is of the form 

_ ^w mi hi(w)ui z (z,w) + w m2 h2{w)v2z{z,w) 
^ w mi hi{w)v\(z,w) + w m2 h2{w)v2{z,w) 

It is easy to verify now that in the limit (z,w) — > (0,0), the function /x tends to — 2 ^||j| / if 
mi = m-2, it tends to 00 if mi < ni2, and it tends to if mi > m2- □ 

After these preparations we will give a proof of the global existence of dual Willmore surfaces 
for S-Willmore surfaces. Note that in the proofs on the duality theorems of Willmore surfaces 
given so far in the literature, it stays unclear what will happen at umbilical points. 
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Theorem 2.13. Let f be the conformal Gauss map of a non totally umbilical Willmore surface 
y : M — )■ S n+2 . Assume that f is also the conformal Gauss map of a Willmore surface y on an 
open and dense subset of M. 

(a) If y is S-Willmore, then y is congruent to y or dual to y. When y is the dual surface of 
y, y is well-defined at the umbilical points of y. 

(b) If y is not S-Willmore, then y is congruent to y. 

Proof. Since y is not totally umbilical, we assume that y has a non-zero conformal Hopf differen- 
tial on an open dense subset M\ of M. If y is different from y on Mi, for any open contractible 
subset U with canonical lift (Y, z) of y, we can assume that on U D Mi a lift of y is of the form 
(see also (4.1) in 07]) 

= N + flY z + iiY- z + 

i.e., y = [Y^]. By using ©, a straightforward computation shows that 

Y^ = 2D z k + fin mod {Y ,N,Y Z , Y z } 

holds (See also (4.2), (4.3) in [47J). 

(a) If y is S-Willmore, there exists a unique \i such that 2D 2 k + fin = on U n Mi. And it 
is easy to prove that [Y^] is Willmore and has / as its conformal Gauss map. For a definition of 
[Yfj] at the umbilical points U\(U n Mi), we first observe that substituting 2D z k + fin = into 
the Willmore condition f)15f) on 17 n Mi yields that \x is a solution to the Ricatti equation 

- y - s = 0. 

Note now that s = s(z, z) is a real analytic function. Therefore s = s(z, w) is holomorphic in 
z and w for z and w sufficiently small. For any point p G U\(U n Mi), we may assume that 
z(p) =0 by changing coordinates if necessary. Therefore, by Lemma 12.121 we have that at the 
point p the function \x always has a limit, a finite number or infinity. If [i is a finite number, Y^ 
is well-defined as before. If fi goes to infinity, 



V = \Yim] = hm 



fJ,—^CO 



2 2 2 

T-^N + —Y z + ^Y- Z + Y 



[Y] = y. 



This implies that [YJ is also well-defined as above on the umbilical points M\Mi and therefore 
globally defined on M. 

(b) If y is a non S-Willmore Willmore surface, there exists no /i such that D z K + = by 
definition. Hence for any fi, Y^ can not share the same conformal Gauss map with y. Noticing 
that up to a scaling, any lift of y is either of the form Y^ or equal to Y, the uniqueness of y 
follows. □ 

Remark 2.14. Note that in terms of Proposition 12.21 the condition in (a) is equivalent with 
rankB\ = 1 and the condition in (b) is equivalent with rankBi = 2. 

We will say "the conformal Gauss map contains a constant lightlike vector Yo" if there exists 
a non-zero constant lightlike vector Yo in M™ +4 satisfying Yq G V p for all p £ M. Then a 
well-known fact states (one can find a proof in |50| ) 

Theorem 2.15. A Willmore surface y is conformal to a minimal surface in R n+2 if and only 
if its conformal Gauss map Gr contains a constant lightlike vector. 

There exist Willmore surfaces which fail to be immersions at some points. To include surfaces 
of this type, we introduce the notion of Willmore maps and strong Willmore maps. 
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Definition 2.16. A smooth map y from a Riemann surface M to S n+ is called a Willmore 
map if it is a conformal Willmore immersion on an open dense subset M of M . The points in 
Mq = M\M are called branch points of y, at which points y fails to be an immersion. 

Moreover, y is called a strong Willmore map if the conformal Gauss map Gr : M — > 
SO + (l, n + 3)/50 + (l, 3) x SO{n) of y can be extended smoothly (and hence real analytically) 
to M. 

Remark 2.17. It is an interesting (open) problem under which conditions a Willmore map will 
be a strong Willmore map. 

Example 2.18. 1. Let x : M — > W 1 be a complete minimal surface with finite total curvature. 
By the classical theory of minimal surfaces, x is an algebraic minimal surface with finitely many 
ends {p\, ■ ■ ■ ,p r }- And by the inverse of the stereographic projection x becomes a smooth map y 
from a compact Riemann surface M = MU{pi, ■ ■ ■ ,p r } to S n . If all the ends of x are embedded 
planar ends, y will be a Willmore immersion. If some ends {pj 17 ■ ■ ■ ,Pj t } fail to be embedded 
planar ends [8], [9], y will be a strong Willmore map with branch points {pj 1 , ■ ■ ■ ,Pj t }- 

2. Another interesting type of Willmore surfaces consists of the so-called isotropic (or super- 
conformal [7j) surfaces in S 4 , which can be lifted to holomorphic or anti-holomorphic curves in 
the twistor bundle of S . It is well known now ( see [3TJ[52l|51] for example) that such surfaces 
of genus 0, together with minimal surfaces in M 4 with embedded planar ends of genus 0, provide 
all the possibilities of Willmore two spheres in S 4 . 

3. It is well-known that minimal surfaces in Riemannian space forms are Willmore surfaces 
(0 E3J [59]). These surfaces are basic examples of Willmore surfaces. Moreover, they are S- 
Willmore surfaces, see [31} 149] . It will therefore be particularly of interest and importance to 
construct non-S- Willmore surfaces. 

4. The first non-minimal Willmore surface was given by Ejiri in [30]. This non-S- Willmore 
Willmore surface actually was a torus in S 5 . Later, using the Hopf bundle, Pinkall produced a 
family of non-minimal Willmore tori in S s via elastic curves (|54j). 

Remark 2.19. (Helein and Ma's harmonic maps) 

In [33] , Helein followed the treatment of Bryant [8] to deal with Willmore surfaces in S* 3 by 
using loop group methods [26]. He used two kinds of harmonic maps: the conformal Gauss map 
and the ones he first introduced as "roughly harmonic maps". In terms of the notation used 
here, for a Willmore immersion y in S 3 with local lift Y, let Y £ T(y) such that (Y, Y) = 0, 
and (Y,Y) = — 1. Then Helein's roughly harmonic map is defined by 

$? = Y AY : M Gr 1;1 (Rl). (18) 

The reason of the name "roughly harmonic" is that although 9) may not be harmonic in general, 
it really provides another family of flat connections (see (36) page 350 in [34] for details). If one 
assumes furthermore that Y satisfies 

(Y z ,Y z )=0, (19) 

fj will be a harmonic map. Especially, for the Willmore surfaces y in S 3 , there always exists a 
dual surface (Recall Definition 12.81 or see [8] ) . When Y is chosen as the lift of the dual surface 
y of y, one obtains an interesting harmonic map connecting the original surface and its dual 
surface. It is straightforward to generalize Helein's notion of roughly harmonic maps to the case 
of Willmore immersions into S n+2 , since the definition above does not involve the co-dimensional 
information. Such natural generalizations following Helein have been worked out in [64J, by using 
the treatment of [59] on Willmore submanifolds. 

In a different development, in [37], Ma considered the generalization of the notion of a 
dual surface for a Willmore surface y in S n+2 . Let Y G T(V) be such that (Y,Y) = 0, and 
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(Y,Y) = -1. Ma found that if Y satisfies 

f (Y Z ,Y Z ) = 0, 

I „ „ (20) 
\(Y z ,Y z )=0, 

then [Y] is a new Willmore surface (may degenerate to a point, see |47j). In this case [Y] is 
called "an adjoint surface" of y. Different from dual surfaces, the adjoint surface [Y] is in general 
not unique (a detailed discussion on this can be found in [47J). Moreover, Ma showed that for 
an adjoint surface [Y] the map is a confer mal harmonic map. 

One therefore obtains that this harmonic map defined by Ma is just a special case of Helein's 
harmonic maps in [33], [63] . Ma's harmonic map may be a particularly natural generalization. 

Note that for Helein's harmonic map as well as for Ma's adjoint surfaces, it is usually not 
possible to prove global existence, since the solution of the equation (|19p may have singularities. 
So it does not seem to be easy to use this approach to discuss the global problem directly. To 
be more concrete, first we would like to point out that (|19p is exactly the Ricatti equation (|16p 

t*z - y ~ s = °- 

By Lemma 12.121 [x may take the value oo at some points. Therefore as in the proof of Theorem 
12.131 at the points where /x approaches oo, we have [Y] = [Y]. This implies that the 2-dimensional 
Lorenzian bundle Span^{Y, Y} defined by Y and Y reduces to a 1-dimensional lightlike bundle 
at these points. It stays unknown how to deal with the global properties for this kind of harmonic 
maps by using Helein's approach. This is one of the reasons why we use the conformal Gauss 
map to study Willmore surfaces, although the computations using Helein's harmonic map would 
perhaps be somewhat easier. 

The relation between our approach and Helein's is very interesting, in particular in view of 
Ma's contributions. We hope to be able to pursue this in a subsequent publication. 



3 Conformally harmonic maps into SO + (l, n+3) / SO + (l, 3) xSO(n) 

In this section, we first review the basic description of harmonic maps. Then we apply it to 
the harmonic maps into SO + (l, n + 3)/SO + (l, 3) x SO(n). We have seen above that Willmore 
surfaces are related to conformally harmonic maps with special Maurer-Cartan forms. Since not 
every conformally harmonic map is the conformal Gauss map of some strong Willmore map, we 
give a necessary and sufficient condition for a conformally harmonic map to be the conformal 
Gauss map of a strong Willmore map. 

3.1 Harmonic maps into Symmetric space G/K 

Let N = G/K be a symmetric space with involution a : G — >■ G such that G a D K D (G <J )o- Let 
and t demote the Lie algebras of G and K respectively. The involution a induces the Cartan 
decomposition 

g = t(Bp, [t,t]<Zt, [f,p]Cp, [p,p]ce. 

Let 7r : G — > G/K denote the projection of G onto G/K. 

Let / : M — > G/K be a conformally harmonic map from a connected Riemann surface M. 
Let U C M be an open contractible subset. Then there exists a frame F : U —> G such that 
/ = iroF on U. Let a denote the Maurer-Cartan form of F. Then a satisfies the Maurer-Cartan 
equation and altogether we have 

F~ 1 dF = a, and da H — [a A a] =0. 
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Decomposing a with respect to g = t © p we obtain 

a = a e + a p , and a e e T(t (g> T* M), and a p G T(p ® T*M), 

Moreover, 

da* + |[a| A a{] + [a p A a p ] = 0, 
da p + [at A a p ] = 0, 

holds. Next we decompose a p further into the (1,0)— part a p and the (0, 1)— part a p , and set 

a\ = A _1 a p + a{ + Aa p , A G S 1 . (21) 
With this notation we have 
Lemma 3.1. (]26f) The map f : M — > G/K is harmonic if and only if 

da x + — [ct\ A ax] = 0, for all A G S 1 . (22) 

Definition 3.2. Let f : M — > G/K be harmonic and a x the differential one-form defined above. 
Since, by the lemma, a x satisfies the integrability condition (|22p . we consider on any contractible 
open subset U C M the solution F(z, A) to the equation 

dF(z,\) = F(z,X)a x 

with the initial condition F(zq, A) = e, where zq is a fixed base point zq G U , and e is the identity 
element in G. The map F(z, A) is called the extended frame of the harmonic map f normalized 
at the base point z = Zq. Note that F satisfies F(z, A = 1) = F(z). 

Consider the complexification TM C = T'M © T"M and write d = d + B. Then the lemma 
above can be restated 

Lemma 3.3. ( I26f \ The map f : M — >■ G/K is harmonic if and only if 

da t + | [a t A a t ] + \ [a p A a p ] = 0, , . 

da' p + [on A a p ] = 0. { } 

3.2 Harmonic maps into SO+(l, n + 3)/SO + (l, 3) x SO(n) 

Let's consider again M" +4 , with the metric introduced in Section 2. Recall that by SO + (l, n + 3) 
we denote the connected component of the special linear isometry group of M™ +4 which contains 
the identity element. Here " + " comes from the fact that SO + (l,n + 3) preserves the forward 
timelike direction. Moreover, by so(l,n + 3) = rj = {X G gl(n + 4,M)|X*Ji in+ 3 + Ii <n+3 X = 0} 
we denote the Lie algebra of SO + (l, n + 3). 
Consider the involution 

a:SO+(l,n + 3) -> SO+(l,n + S) .... 

with 

D=( ~ h ° 

\ In 

where 1^ denotes the k x k identity matrix. Then the fixed point group SO + (l,n + 3) CT of 
a contains S"0 + (l,3) x SO(n), where S'0 + (l,3) denotes a connected group according to our 
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convention. Moreover we have SO+(l,n + 3) CT D SO + (l,3) x 50(n) = (S , O+(l,n + 3) <T ) , where 
the subscript denotes the connected component containing the identity element. 
On the Lie algebra level we obtain 



Ax 

-B{h,3 

A x 
A 2 



-Bih,3 



Bi 
A 2 



A\l h3 + h 3 A x = 0, A 2 + At = 



A\li,3 + h,sAi, A 2 + A t 2 = 



Bi 




Now let / : M — >■ SO + (l,n + 3)/50 + (l,3) x 50(n) be a harmonic map with local frame 
F : U —> SO + (l,n + 3) and Maurer-Cartan form a on some contractible open subset U of M. 
Let z be a local complex coordinate on J7. Writing 



n. 









Ao 



dz, and a B 



B x 



the harmonic map equations can be rephrased equivalently in the form 

Im (A u + A X A X - B x B\h fi ) = 0, 
Im {A 2 - z + A 2 A 2 - Blh^Bi) = 0, 
B u + A X B X - B X A 2 = 0. 

In section 2 we have seen that the Maurer Cartan form of the frame associated with a 
Willmore surface in S n+2 has a very special form. It is very fortunate that it is easy to detect, 
when such a special form can be obtained by gauging. We will see below that a crucial part of 
our paper is to bring B x into a canonical form. 

Lemma 3.4. For a 4 x n complex matrix B x , there exists some A 6 50 + (l,3) and there exist 
functions kj, j = 1, • • • , n such that 



AB X 



if and only if 



( V2/3 X 
-V2/3 X 
-k x 
\ ±ik x 



b\i x $b x 



V2Pn \ 
kn 

±ik n J 



0. 



(25) 



If B x is a real analytic matrix function defined on some contractible Riemann surface U, 
then A can be chosen globally on U as a real analytic matrix function such that on an open 
dense subset U of U one of the following two canonical forms is obtained: 



ABi 



( V2Pi 
-V2(3 X 
-k x 
\ ~ik x 



V2/3 n \ 

kn 

—ik n J 



on U, or AB 



( V2/3i 
-V2f3 x 
-k x 
\ ik x 



V2(3 n \ 
-V2Pn 
kn 

ik n J 



on U . 



Remark 3.5. Recall that from Proposition 12.21 that kj = for all j on an open subset implies 
that the initial surface is umbilical, which is not of interest for Willmore surfaces. 
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Proof. Suppose that AB\ is of the form stated in the lemma. Then 

= {AB l ) t I lfi AB l = B\A t I 1>3 AB 1 = B\h^B x . 

Conversely, assume B\l\^B\ = 0. Considering B\l\^B\ as the matrix product (B\l\^) ■ B\ 
we obtain by Sylvester's rank inequality and the assumption (|25[) 

rank(B\l\$) + rank(B{) < 4. 

We obviously also have rank{B\l\^) = rank{B\). Therefore rank(B{) < 2. From B\l\ ^B\ = 
and rank(Bi) < 2 we infer that the column vectors of B\ are spanned by (at most) two non-zero 
orthogonal light-like vectors in M 4 <g) C given the natural complex linear inner product, i.e., 




where 

v\, G C n , h,l 2 e»f ®C, and < k, lj >= for i,j = 1, 2. 

It is easy to see that a maximal subspace of R 4 ® C containing only null vectors is 2-dimensional. 

It is also an elementary computation to verify that every (complex) null vector can be mapped 
by some element of the real group SO + ( 1,3) into a (possibly complex) multiple of the vector 
(1,-1,0,0)* or the vector (0, 0, -1, ±i)*. 

As a consequence, if the rank of B\ is 1, then we have proven the claim (even with much 
more special vectors). If the rank of B\ is 2, then we choose two linearly independent column 
vectors l\ and li- We can assume, by what was said above, that l\ is one of the two special 
vectors stated above. Now it is very straightforward to verify that (k,lj) = , i , j = 1,2 implies 
that I2 is of the required from. Actually, by replacing I2 by a vector of the form l\ + c/2, c some 
complex number, one can assume that l\ and I2 are multiples of the two special vectors above. 

Note that we only need to prove the last statement when rankB\ = 2 on an open subset of 
U, since the other cases are similar. The real analyticity of B\ on U yields that rankB\ = 2 
on an open dense subset U of U. Without loss of generality we assume that 7^ 0, l\) = 
0, {hih) > on U. Then there exists a real analytic matrix function A : U — > + (l,3) such 
that 

Ali takes values in span c {(l, —1,0,0)*}, AI2 takes values in span c {(0,0, 1,*)*}. 

Although U may not be connected now, we claim that the determinant det A of A takes the 
same value on all of U, that is, det A = 1 on U or det A = — 1 on U. Then our lemma follows 
by setting A = A when det A = 1 and A = A - diag(l, 1,1 — 1) when det A = — 1. 

To prove the claim, we consider any connected compact subset U* of U which has a non- 
empty interior. We only need to show det^4 takes the same value at all of U*. Let p,q G U* be 
any two points. Then at an open subset U p C U* containing p, 

Ali takes values in span c {(l, —1,0,0)*}, and AI2 takes values in span c {(0, 0, }. 

Let j P q(t) C U be a real analytic curve connecting p and q. Restricted to j pq , the vector functions 
Zi, Z2 : U — > C 4 become real analytic vector functions depending on t. Therefore, there exist only 
finitely many points where li or I2 vanishes. For j = 1,2, if at some point to we have lj = 0, 
then we will have that lj = (t — to) m lj with lj(ta) 7^ since lj is real analytic. Hence we may 
choose some li, I2 such that they are non-zero on 7 pg . Hence we can find a real analytic matrix 
function A : j pq C U* — > SO + (l, 3) such that A = A on U p n 7 pg , and 

Ali ( and hence Al x ) takes value in span c {(l, — 1, 0, 0)*}, 
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and 

AI2 ( and hence Al 2 ) takes value in span c {(0, 0, 1, «)*}-- 
The claim now follows from the equalities 

det A p = det A p , det A p = det A q , det A q = det A q . 
which follow from the fact that A, A induce the same orientation on M.f . □ 

Lemma 3.6. Let U be a contractible open Riemann surface. Let /:£/—>■ SO + (l,n + 
3)/SO + (l, 3) x SO(n) be a non-constant harmonic map with two frames F, F : U — ^ SO + (l, n + 
3) and Maurer-Cartan forms a, a. Using a local complex coordinate z on U, we write 

a » = ( -4^1,3 B ) * = ( J{h,s B ) ^ 

Then 

BlhfBi =0 if and only if Bj Ji i3 Bi = 0. 
Moreover, under the above condition, we have that 

BlhjBx =0 if and only if ^/i,3#i = 0. 
Proof. Since F and F are lifts of the same harmonic map /, there exists 



F ° = ( F F 02 ) :U ^ S ° +ih 3) X S ° {n) 



such that F = F ■ F . It turns out that d = F^olFq + F _1 dF , yielding B x = F 01 1 B 1 F 02 . So 

Blh^Bi = F 02 1 B t 1 F 01 1,t L 1:3 FQ 1 1 BiF 2 = F^ B{Ii^BiFq 2 . 

The last statement comes from the fact that Fqi and Fq 2 are real matrices. □ 

Definition 3.7. Let f : M -> SO + (l, n + 3)/SO+(l, 3) x SO{n) be a harmonic map. We call f 
a strongly conformally harmonic map if for any point p 6 M , there exists a neighborhood 
Up of p and a frame F ( with Maurer- Cartan form a) of y on U p satisfying 



B[l lt3 Bi = 0, where a' p = ^ _gtj 1 3 ^ ) dz - 



(26) 



Applying this definition to Willmore surfaces, we derive immediately 

Corollary 3.8. The conformal Gauss map of a strong Willmore map is a strongly conformally 
harmonic map. 

Lemma 3.9. Let U be a contractible open Riemann surface with local complex coordinate z. Let 
/:£/—>■ SO + (I, n + 3)/ SO + (1,3) x SO(n) be a strongly conformally harmonic map with frame 
F : U —7- SO + (l, n + 3) and Maurer-Cartan form a. Set 

a * = ( t I ) a * = ( -Bj/1,3 B ) ^ 

Then B\ has, after some gauge or a change of orientation if necessary, the form 



Bi 



on an open dense subset U of U. 



( v/2/3i ••• V2fr t \ 

— ki - - - — k n 
\ ~ik\ ■ ■ ■ -ik n ) 



(27) 
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Proof. The conformal harmonicity of / ensures that B\ is a real analytic matrix function [29] . 
[12] . By Lemma E31 there exists A : U -> S'0 + (1, 3) such that 



/ 


\/2/?i •• 


■ V2P n 


\ 




-\/2/3i •• 








-fei •• 






V 


— ik\ 


—ik n 


) 



on U, or AB\ 



( 


y/2fa •• 










• -V2Pn 






-h •• 


—k n 




\ 


iki 




) 



on U. 



For the first case, setting F = F ■ diag(A, I n ) we obtain B\ = AB\ on [/. 

For the second case, setting w = z induces an opposite orientation on U and U is also a 
Riemann surface for this new coordinate. Now AB\ is of the desired form. □ 

Before introducing the main results of this section, we first consider a class of maps with 
specific geometric meaning. Let / be a map from M into SO + (l,n + 3)/ SO + (1,3) x SO(n) = 
Gri i3 (M™ +4 ). Assume that f(p) = V p , p £ M, with V p C M" +4 . We will say that / contains 
a constant light-like vector Yq if there exists a non-zero constant lightlike vector Yo in M" +4 
satisfying Yq G V p for all p E M. Note that from the viewpoint of Mobius geometry ([IS], [20]). 
/ is also a 2-sphere congruence in S n+2 . Under some condition ([48]. |49] ) . / will envelope one 
(or a pair of) conformal surface(s) in S n+2 . In this case / contains a constant light-like vector 
Yq if and only if an enveloping surface reduces to the point [Yq]. 



Theorem 3.10. We retain the assumptions and notation of Lemma ] 3. 91 Then B\ has the form 
(|27p and f is a conformally harmonic map on U . Writing A\ in the form 



A-\ 



( 





ai2 


«13 


Oi4 


\ 




eti2 





«23 


024 






ai3 


-fl23 





034 




V 


«14 


-024 


-«34 





J 



we distinguish two cases: 

(a) 013 + a23 ^ on C/: In i/t«s case, there exists an open dense subset U\Uq such that 
a i3 + a 23 ^ on U\Uq and ai3 + 023 = on Uq. Then on U\Uq the map f is the conformal 
Gauss map of a Willmore surface y : U\Uq — > S n+2 and y is not an immersion on Uq. Moreover, 
y is S- Willmore if and only if the maximal rank of B\ is 1. 

(b) 013 + 023 = on U: In this case, f contains a constant light-like vector. 

(bl) If the maximal rank of B\ is 2, then f is not (even locally) the conformal Gauss map 
of some Willmore immersion. 

(b2) If the maximal rank of B\ is 1, f belongs to one of the following two cases: 

(i) f is the conformal Gauss map of some Willmore surface y : U \ Uq — >■ S n+2 , and y 
is conformal to a minimal surface in R n+2 . 

(ii) f reduces to a conformally harmonic map into SO + (l,n + 1)/S'0 + (1, 1) x SO(n) C 
SO+(l, n+3)/50+(l, 3) x SO{n) or into SO{n+2) / SO{2) x SO(n) C 50+(l, n+3)/SO + {l, 3) x 
SO(n). In this case f is not (even locally) the conformal Gauss map of a Willmore immersion. 

Proof. Note that for a harmonic map to be conformally harmonic, one only needs 



w(!>,«'4» 




dz' 



0. 



But this follows immediately from the form of B\ we have assumed. 
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The proof of parts (a) and (b) is based on an evaluation of the third of the harmonic map 
equations. Writing this equation in terms of matrix entries we obtain: 

a/2 n 
Pjz - axzPj 2~(oi3 + iau)kj -/^ikj = 0, (28) 

1=1 

- Pjz + ai 2 /3j ^-(a 2 3 + ia 2 4,)kj + ftfty = 0, (29) 

l=i 

n 

- k j2 + V2(a 13 + a 23 )f3j - iaukj + ^ /c;fyj = 0, (30) 

i=i 

n 

- ifejg + V2(a u + Q24)/3j + 034% + i y~] hhj = 0> 3 = !)•••,«■ (31) 

Adding the first two equations and adding the third equation to i-times the fourth equation 
yields 

(oi 3 + a 23 - i(a u + a 2 A))kj = (a 13 + a 23 - i(a u + au))Pj =0, j = !,■■■ ,n. 
Since / is non-constant, not all the j3j and all the kj vanish and we infer 

ai3 + a 23 = i(au + a 24 ). (32) 

Set F = (e ,e ,e 1 ,e 2 ,ip 1 ,-- • ,ip n ), and Yq = -±=(e - e ), % = ^(e + e ). Then 

Yq z = ~^|( e o - e ) z = -012^0 + ^|( ai 3 + «23)(ei - ie 2 ) 

follows. Now there are two possibilities: 

(a) ai3 + a 23 does not vanish identically on U. Since a± 3 + 023 is real analytic, there exists 
some subset Uq of U satisfying the first part of the claim. 

In this case one verifies directly that [Yq] is a conformal immersion into Q n+2 . Let U\ C 
U \ Uq be a simply connected subset. Then on U\ we can write 013 + a 23 = -^fe l6 . Setting 

^01 = j.Yq, e\ + ie 2 = e l9 (ei + e 2 ), we see that for corresponding the new frame F we obtain 
«13 + «23 = -/j. So we can assume w.l.g. 013 + a 23 = Calculating 



Y 0z z e 



Span|y ,^b,ei,e2| 



shows that / is the harmonic conformal Gauss map of [Yq] on U\. As a consequence, [Yq] is a 
Willmore surface on U±. By real analyticity, [Yq] is Willmore on U\Uq. The claim on S-Willmore 
surfaces comes from Cor pilar y 1 2 . 1 1 and the fact that the rank of B\ is independent of the choice 
of F. 

As to the equivalence between / and the conformal Gauss map of [Yq] on the points of Uq, 
by the theorem of Helein on the removability of singularities |35j , the conformal Gauss map can 
be well-defined on such points and coincides with /. And since [Yq] is real analytic, it is also 
well-defined on Uq and fails to be an immersion precisely on Uq. 

(b). If ai3 + 023 = on U, then we obtain Yq z = — ai 2 Yj. By scaling, we may assume that 
Yq z = holds. (Hence we can assume w.l.g. 012 = on U) 
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Consider an arbitrary null vector, except Yq 

I |2 I |2 

= Y + /xiei - /i 2 e 2 + ^-Yb = % + fiP + A»P + ^j-?b, (33) 

in the subspace Span K {Y"o, Yq, eii e2}, with /j, = fii + i// 2 a complex valued function and, P = 
\{&\ — ie 2 ). So [Y^] is a Willmore surface with the conformal Gauss map being / if and only if 
there exists some function fx such that 

Y M Yf, z , Y^ z2 e Span c {e ,eo,ei,e 2 }, (Y~ M2 , Y~ M2 ) = 0, (Y^,Y^) > 0. (34) 

(bl): Using dF = Fa with a as in the assumption of the theorem we obtain 

n 

Y^z = yX^Pi + mod {e , e , e 1 ,e 2 }, 

j 

whence Y^ z = mod {eo, eo, ei, e 2 } implies /3j = —Qkj, j = 1, 2, • • • ,n. From this we infer rank 
B 1 < 1 and (bl) follows. 

(b2): Let's assume now that the maximal rank of B\ is 1. We distinguish two cases. First 
we assume 

Case (62. a): \^j\ 2 0: Substituting /3j = —^kj,j = 1, . . . n into the equations ([28]) and 
using ([32]) , ai3 + a 2 3 = and a%2 = we derive 

[i z + \/2(ai3 — mu) + m 34 /u = 0. 

Differentiating (I33p we observe 

Yp, z = (• • • )P + (• • • )Y„ + + V2(ai 3 - iai 4 ) + ia 34 /u)P, (35) 

whence Y"^ = (• • • )P + (• • • )Y~o follows. 

As a consequence we also obtain (Y^ Z ,Y^ Z ) = 0. Moreover, using 

Pz = -ia S4 P + 4^( Sl3 ~~ ^14)^0, 
v2 

one derives 

Y^z G Span{e ,e ,ei,e 2 }. 

At this point four of the five conditions listed in (|34|) are satisfied and Y^ is a Willmore immersion 
if and only if the inequality {Y^ Z ,Y^ S ) > is satisfied. 

(i) . So on the open dense subset of U where (Y^ 2 , Y^ z ) > 0, / is the conformally harmonic 
Gauss map of the conformal immersion \Yu] and [Y^] is S- Willmore. And since / contains a 
light-like vector Yo, by the spherical projection with respect to Yq, [Y^] becomes a minimal 
surface in R n+2 (g], [31], [EE], [50]). 

(ii) . When (Y^ z , Y^ 5 ) = on U, Y^ is another constant light-like vector of /. Hence / reduces 
to a harmonic map into SO{n + 2) / SO{2) x SO{n) C SO+(l,n + 3)/5 , 0+(l, 3) x 50(n). 

Case (62.6): ^] |/cj| 2 = 0: In this case we have 

ei 2 = V2ai 3 Y - a 34 e 2 , e 2z = V2a u Yo + a 34 ei. 

Therefore, by rotation of ei,e 2 , we may assume w.l.g. 034 = 0. See Lemma 4.2 in [60] for 
example. Hence, we can find some real functions fix, /i 2 such that 

(ei + fiiY ) z = (e 2 + /x 2 Yb)* = 0, 
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i.e. 

ei + fiiYo = constant, e2 + ^2^0 = constant. 

That is, / reduces to a map into 50+(l, n+l)/SO+(l, 1) x SO(n) C S0 + (l,n + 3)/S0 + (l, 3) x 
SO(n). □ 

Remark 3.11. Note that the proof of Theorem 13.101 already provides a way to derive Willmore 
surfaces from the conformal Gauss maps. 

Corollary 3.12. Let f be a conformally harmonic map as in Theorem \3.10\ which belongs to 
Case (a) as well as to Case (b). Then f is the conformal Gauss map of some minimal surface 
in R n+2 ( after putting R n+2 conformally into S n+2 ), and vice versa. 

Corollary 3.13. Let f be a conformally harmonic map as in Theorem \ 3.10l Assume that f 
does not contain any constant lightlike vector. 

(a) IfrankB\ = 2, then there exists a unique (non-S- Willmore) Willmore surface y : U\Uo — > 
gn+2 yjfacfo nas f as n s conformal Gauss map. 

(b) If rankB\ = 1, then there exists a pair of dual S- Willmore surfaces y,y : U\Uq — > S n+2 
where both have f as their conformal Gauss map. 

Ejiri's Willmore torus in S" 5 (|30j) provides a standard example for Case (a), and Veronese 
spheres in S 2m ([51]) provide examples for Case (b). 

Corollary 3.14. Let f be a conformally harmonic map as in Theorem \ 3.1(K Assume that f 
does contain a constant lightlike vector. Then either 

a) f does not correspond to any immersion, 

or 

b) f corresponds to a Willmore immersion which is conformally equivalent to a minimal 
immersion into M n+2 . 

Remark 3.15. Theorem 13.101 shows that the case of / containing a constant light-like vector 
yields several possibilities. It actually takes a detailed study to find out in which of the cases 
the conformally harmonic map / does correspond to a Willmore surfaces. 

In Section 5, we will give, in terms of normalized potentials, a simple description of those 
conformally harmonic maps which contain a constant lightlike vector. Since all the Willmore 
surfaces with conformal Gauss map containing a constant lightlike vector are known, for the 
construction of new Willmore surfaces we will only consider normalized potentials which do not 
satisfy the conditions defining those special harmonic maps. 

In particular, we will obtain new Willmore spheres which are not S- Willmore if we assume 
that B\ is of rank 2 and the harmonic map is a map from S 2 to S n+2 . (Such maps then actually 
are of finite uniton type, as we will show later.) 

Theorem 3.16. Let M be a connected Riemann surface and U = (Uj)j^j a cover of M con- 
sisting of open and contractible subsets of M . Let f : M — > SO + (l,n + 3) / SO + (1,3) x SO(n) 
be a non-constant strongly conformally harmonic map. For j £ J, let fj denote the restriction 
of f to Uj and let Ujo denote the points of Uj where fj is not an immersion. 

a) If fj is induced by some Willmore surface yj on Uj \ Ujo for some j £ J, then then all 
fk,k £ J, are induced by some Willmore surface yt on Uk \ Uko- 

b) In the case that f is locally induced by a Willmore immersion, on M or the double covering 
M* of M, one can choose the Willmore maps yk, k £ J, such that they are restrictions of a global 
Willmore map y. 
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Proof, a) Let's fix j G J and choose for k G J some point pk G Uk and some curve 7& from to 
Pk- We can assume that there exists a simply connected open subset Wk containing the curve 
7^. We can extend the frame Fj along Wk and can thus produce a frame Fk on Actually, 
the proof of lemma 13.41 shows that we can assume w.l.g. that the first vector in the submatrix 
B\ of the Maurer-Cartan form of F is one of the two special vectors (1, —1,0, 0, ) T or (0, 0, 1, i) T . 

Let's now consider the case, where Fj satisfies (a) of the last theorem. Then b = a\s + a 2 3 
does not vanish identically on Uj, hence b does not vanish identically on Wk and therefore Fk 
also is in case (a). As a consequence, / is induced over Uk by a Willmore immersion, away from 
some subset Uk \ Uko- 

Analogously, if b is in the case (b) of the last theorem, then b = on Uj, hence b = on Wk 
and therefore b = on Uk- Moreover, if the maximal rank of B\ is 1 on U\, then it is also 1 on 
Wk and on Uk- The proof of the last theorem shows that the case that the harmonic map / is 
induced by some Willmore surface (up to a singular set) is the one where I k m 1 2 does not 
vanish identically. But this property again persists, starting from Uj, through Wk to Uk- 

b) Let U\ and U2 be two sets of our open covering and assume Ui fl U2 7^ 0- Again we 
distinguish two cases. 

Case 1: rankB\ = rankB[ = 2 on (U\ n U 2 )\Uq, where Uq is a nowhere dense subset of 
Ui n U 2 . Let [Yj] be the Willmore surfaces on Uj, j = 1,2. By Theorem EEl [Yi] = [Y 2 ] on 
(Ui PI U2)\Uo, and the real analyticity of [Yi] and [Y2] shows [Y\] = [Y2] on {U\ n L^)- Therefore 
we obtain a globally defined Willmore map on M. 

Case 2: rankBi = rankB[ = 1 on (Lq D L^)- By the proof of Theorem 12. 131 we can consider 
in this case the possibly singular bundle V = Span{Yo, Y^} over M. Let M\ be the subset of M 
such that [Yq] 7^ [Y M ], which is open and dense in M. Let V\ denote the restriction of the bundle 

V on M\. If V\ is orientable, noticing that there exist exactly two lightlike directions at V\\ p 
for every p G M\, one will obtain a unique pair of lightlike vectors {Yq, Y^} such that the first 
coordinates of Yq, Y^ are 1 and {Yq, Y^} gives an orientation. Therefore one derives a globally 
defined y = [Yq] over M. 

If V\ is non-orient able, one can use the double covering (V*,M*) of (V,M) such that the 
new bundle V* over Mj" is oriented. Hence the theorem follows. 

It now suffices to prove the existence of the double covering (V* , M*) of (V, M). The proof 
is almost verbatim the same as for general manifolds (see e.g. page 105 of [37]). Let tt : V — > M 
denote the canonical projection. Since the Willmore maps are real analytic, on every Uj there 
exists a unique pair of lightlike vectors {Yq, Y^} such that the first coordinates of Yq, Y^ are both 
1. Hence {Yq, Y^} and {Y M , Yq} give two orientations over Ujf]M\, called w and — w respectively. 
This also gives an orientation on Uj. Let 

M* = w p ) I p G M,w p is an orientation of V\ p j . (36) 

Let the topology of M* be generated by the subsets 

{{p, w p ) I p G Uj,w p is an orientation of k |e/,-}. (37) 

and define the natural projection map from M* to M by iro(p, ±vj) = p. Set Y* = ttqY, for 

Y G Span{YQ, Y^}. Then we obtain a double covering which we denote by (V*,M*). The 
bundle V* carries a natural orientation. It is defined as follows: for any (p,w p ) G M* , define 
the orientation of V* at (p,w p ) as the pullback by 7rJ of the orientation given by w p on V\ p . □ 

4 Loop group theory for harmonic maps 

In this section we start by collecting the basic definitions and the basic decomposition theorems 
for loop groups ([26], [63], [3]). Next we recall the DPW method for the construction of har- 
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monic maps. Since in this paper we are mainly interested in conformally harmonic maps, we 
characterize conformally harmonicity in terms of the normalized potential. In view of our goal 
of presenting a new Willmore sphere in 5 6 we show that all Willmore spheres in S n+2 are of 
finite uniton type. For this we relate a harmonic map into a non-compact symmetric space with 
a harmonic map into a compact one. This permits to apply work of Burstall and Guest |12j . 



4.1 Loop groups and decomposition theorems 

Let G c be a connected complex Lie group and g c its Lie algebra. Let r denote the complex 
anti-holomorphic involution g — > g, of G c and G its fixed point set. Then G is a real Lie group 
(not connected in our case). Its Lie algebra will be denoted by g. Suppose that a : G c — > G c 
is an inner involution which commutes with the complex conjugation r. Let K = Fix CT (G) and 
K c = Fix <7 (G c ) denote the corresponding fixed point groups. Note that K c is connected, but 
K is not connected. Suppose that K c = K ■ B is an Iwasawa decomposition of K c with B a 
maximal solvable subgroup such that K PI B = {e}. Here e is the identity element of G. We 
define the twisted loop groups of G and G as follows: 

AG^ ={ 7 :S 1 ^G C \, (77(A) = 7 (-A), A G S 1 }, 

AG a = {7 G AG^| 7(A) G G, for all A G S 1 }, 

VLG a = {7 G AG CT | 7 (1) = e}, 

A~G^r = {7 G AG^r | 7 extends holomorphically to D^, 7(00) = e}, 

A + G^r = {7 G AG^r | 7 extends holomorphically to Dq}, 

A /; G„' = {7 G AG^ I 7 (0) G B}, 

where Dq = {z G C| \z\ < 1}, = {z G C| \z\ > 1}, and C is the extended complex plane. 

For the decomposition theorems quoted below we need to have some topology on our loop 
groups. This can be done in several ways. We will assume that all matrix entries are in the 
Wiener algebra of the unit circle. We thus obtain Banach Lie groups. 

Theorem 4.1. (J2h j .f55 ^ ) 

(i) (Iwasawa decomposition) 

The multiplication AG a x A^G^ — > AG^: is a dijfeomorphism onto AG^ when G is compact. 
The multiplication AG a x A^G^r — > AG„ is a diffeomorphism onto an open subset T u C AG^r 
when G is non-compact. 

(ii) (Birkhoff decomposition) 

The multiplication A~G^ x A+G^ -> AG^ is a diffeomorphism onto an open and dense 
subset A~ G^r • A+G^ ( big Birkhoff cell ). 

More information about the loop group decompositions theorems is contained in the appendix 
of this paper. One may also compare the decomposition theorems here with those stated in [3], 

Loops which have a finite Fourier expansion will be called algebraic loops and will be denoted 
by the subscript "alg" , like 

A-algGa, A a i g G a , ClaigGa 

We define 

s& g G a ■= {7 e n alg G a \Adin) = £ a^} . 

\j\<k 

For later purposes we define 
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In this case we write r(f) = k. 

(ii) Let G/K be an inner symmetric space (given by the inner involution a : G — > G). We 
map G/K into G as totally geodesic submanifold via the (finite covering) Cartan map: 



A harmonic map f into G/K is said to be of finite uniton number k if it is of finite uniton 
number k when considered as a harmonic map into G via the Cartan map, i.e., f has finite 
uniton number k if and only if C o f has finite uniton number k. (See [12] for more details). 

4.2 The DPW method and potentials 

With the loop group decompositions as stated above, we obtain a construction scheme of har- 
monic maps from a surface into any real affine symmetric space G/K. 

So far we have mainly discussed Willmore surfaces and the corresponding conformally har- 
monic maps defined on some open subset U of C (or possibly an open subset of some surface 
M). Since the immersions of interest are conformal, the corresponding surface has a complex 
structure. We thus only consider Riemann surfaces. If M is such a Riemann surface, then its 
universal cover M is either S 2 or C or E, the open unit disk in C. Every harmonic map from 
M to some affine symmetric space G/K induces via composition with the natural projection 
a harmonic map from the universal cover M into G/K. Therefore, to start with, we need to 
consider harmonic maps from S 2 , C and E into G/K. 

Theorem 4.3. ([26]) Let B be a contractible open subset of C and zq 6 O a base point. Let 
f : B — > G/K be a harmonic map with f{zo) = e K. Then the associated family f\ of F can 
be lifted to a map F : B — > AG a , the extended frame of f and we can assume w.l.g. that 
F(zq,X) = e holds. Under this assumption, 

(1) The map F takes only values in Z u C AG^ . 

(2) There exists a discrete subset Dq C D such that on D \ Do we have the decomposition 



is a A -1 • p — valued meromorphic (1, 0)— form with poles at points o/Do only. 

(3) Conversely, any harmonic map f : D — > G/K can be derived from o A" 1 ■ p c - valued 
meromorphic (1,0)— form n on B. 

(4) Spelling out the converse procedure in detail we obtain: Let n be a A -1 • p c — valued 
meromorphic (1,0)— form for which the solution to the ODE 



C : G/K ^G 
gK H> ga(g) 



-i 



(38) 



F(z,X) = F^(z,X)-F+(z,X), 



where 




F~(z, X)^ 1 dF^(z, A) = 7], F_(z ,A) = e, 



(39) 
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is meromorphic on D, with Do as se t of possible poles. Then on the open set Dj = {z E 
D; F(z, A) G X w } we define F(z, A) wa the factorization X u = (AG a )° • A+G*r C AG^: 



of some harmonic map from D \ Dj to G/K satisfying F(zo, A) = e. 

Moreover, the two constructions outlined above are inverse to each other (on appropriate 
domains of definition). 

Definition 4.4. ([26]) The A -1 -p c — valued meromorphic (1, 0) form n is called the normalized 
potential for the harmonic map f with the point zq as the reference point. 

Remark 4.5. Note that the normalized potential is uniquely determined once a base point is 
chosen. However, if we conjugate a normalized potential by some element k of K, then the 
procedure outlined in the theorem produces a new harmonic map (and correspondingly a new 
Willmore surface) which differs from the original one by the rigid motion induced by k. Since 
we usually do not care about how the harmonic map (or the Willmore surface) sits in its space, 
we sometimes use elements of K to simplify or further normalize the normalized potential. 

Remark 4.6. In the converse procedure, part (4) above, since in our case the symmetric space 
G/K is not compact, the Iwasawa splitting ( I40h will in general not be possible for all z£l. 
Thus F, as well as the harmonic map / will have singularities on D. There are two types of 
singularities. One type stems from poles in the potential rj and the other type occurs when F_ 
crosses from one open Iwasawa cell into the other one. (There are two open Iwasawa cells, as 
is shown in the appendix.) In our new example of a Willmore sphere in S G it happens that 
the frame has a singularity, but the harmonic map and the Willmore immersion do not have 
any singularity, since the projection of the frame into the harmonic map deletes the singular 
denominator, and the singular denominator cancels also in the transition from the harmonic 
map to the projectivized light cone, the sphere S e . 

Remark 4.7. So far we have only introduced the "normalized potential". However, in many 
applications it is much more convenient to use potentials which have in their Fourier expansion 
more than one power of A occurring. The normalized potential is uniquely determined, if some 
base point on M is fixed and the frames are normalized to e at the base point. The normalized 
potential is usually meromorphic in z. And since it is uniquely determined, there is no way to 
change this. However, when permitting many (maybe infinitely many) powers of A, then one 
can obtain holomorphic coefficients. 

Theorem 4.8. Let D be a contractible open subset of C. Let F(z,X) be the frame of some 
harmonic map into G/K. Then there exists some V+ G A + G^r such that C(z,X) = FV+ is holo- 
morphic in z and in A € C*. Then the Maurer-Cartan form n = C~ 1 dC of C is a holomorphic 
(1,0)— form on D and it is easy to verify that Xn is holomorphic for A € C. Conversely, any 
harmonic map f : D — >■ G/K can be derived from such a holomorphic (1,0)— form n on D by 
the same steps as in the previous theorem. These two procedures are inverse to each other, if 
normalizations at some base point are used. 

The proof can be taken verbatim from the appendix of [26] and will therefore be omitted 
here. 




(40) 



This way one obtains an extended frame 



F(z,X) 



F_(z,X)-F + (z,X) 
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Remark 4.9. Of course, in the converse procedure of the last theorem the Iwasawa splitting (I40p 
will in general not be possible either for all z € D since our symmetric space G/K is not compact 
(compare [6], [27]). 

Remark 4.10. Let r/i and % be any two potentials producing the same harmonic map by the 
procedure outlined above. Then there exists a gauge W+ : D — > A + G^r transforming one poten- 
tial into the other. For a proof consider the frames F\ = CiV+i and F^ = C2V+2 constructed as 
outlined above. Since we assume that the two potentials induce the same harmonic map, these 
frames only differ by some gauge: F\ = F^F where T G K. This implies C\V+\ = C2V+2F. 
Thus W+ = V+2TVZ1 is the desired gauge. 

So far we have only discussed potentials for harmonic maps defined on some contractible open 
subset of C. Let now M denote a Riemann surface which is either non-compact or compact of 
positive genus. Then the universal cover M of M can be realized as a contractible open subset 
of C. Moreover, if / : M — > G/K is a harmonic map, then the composition / of / with 
the canonical projection from M onto M is also harmonic. Therefore to / we can construct 
normalized potentials and holomorphic potentials as outlined above. These potentials for / will 
also be called potentials for /. The converse procedure as outlined in the last two theorems 
produces harmonic maps defined on some open subsets (containing the base point) of D. For 
these harmonic maps to descend to M "closing conditions" need to be satisfied. 

The following result can be proven as in [26], |20| . [21j . |22| . 

Theorem 4.11. Let M be a Riemann surface which is either non- compact or compact of positive 
genus. 

(1) Let f : M —> G/K be a harmonic map and f its lift to the universal cover M. Then 
here exists a normalized potential and a holomorphic potential for f , namely the corresponding 
potentials for f . 

(2) Conversely, starting from some potential producing a harmonic map f from M to G/K , 
one obtains a harmonic map f on M if and only if 

(2a) The monodromy matrices ^(7, A) associated with 7 S tti(M), considered as automor- 
phisms of M, are elements of(AG tT )°. 

(2b) There exists some Ao G S 1 such that 

F(j ■ z, 7^3, A = A ) = x(7> A = ^o)F{z, z, A = A ) 
= F(z, z, A = Ao) mod K 

for all 7 G 7ri(M). 

For more details of this theorem as well as the definition of monodromy etc., we refer to |20| . 
HI], [22]. 

Remark 4.12. (i). For the sphere M = S 2 the procedure discussed above works just as well if the 
symmetric space actually is a real Lie group G considered as a symmetric space G = (G x G) / A, 
where A denotes the subgroup A = {(g,g) £ G x G, g £ G} and one uses the natural projection 
(g, h) — > gh^ 1 . Then on can lift a harmonic map / : S 2 — > G to G x G by F = (/, e). This way 
one obtains, as in the previous cases, a normalized potential of the form £ = (A -1 ??, — A _1 r/). 
Harmonic maps into Lie groups (as symmetric spaces) have been discussed in [18], Section 9 
(also see the discussion below). Note, however, that the formula given in |18] for the normalized 
potential shows a wrong A— dependence. 

(ii). On the other hand, one does not obtain a holomorphic potential for M = S 2 , since S 2 
does not carry any non-trivial holomorphic (1,0)— forms. The proof of |26] which was applied 
above is not applicable in the case M = S 2 , of course. 
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Let's consider now the case that we have a harmonic map / from M = S 2 into some 
symmetric space G/K. In this case it may not be possible to lift / to a map F from S 2 to G 
such that the map F composed with the natural projection from G to G/K is / (|10j). But one 
can find some way around this non-lifting obstacle and derive that 

Theorem 4.13. Every harmonic map from S 2 to any inner symmetric space G/K can be 
obtained from some meromorphic normalized potential. 

Proof. Consider the smooth Cartan map g — > gcr(g)~ l already used in ([38]) from G/K to G ( 
|12j . |18j). This map is for all inner symmetric spaces a totally geodesic, isometric finite covering 
of the connected component of the submanifold S a = {g G G,a(g) = g^ 1 } of G which contains 
e. As a consequence, the composition of these maps is harmonic as well and we can apply what 
we discussed above. We can thus define a harmonic map M = S 2 — > G x G by the formula 

P GS 2 ^f(p)G G/K -> ga(g)- 1 G G -> (go-(g)-\ e) G G x G. (42) 

The map f{p)^g = g(p) is determined only up to some multiplication by some element of K 
from the right. Therefore we can consider just as well 

f{p) = (gMg)) (43) 

We know that at least in a small neighborhood of any point p we can choose g to be real analytic. 
Therefore, locally around every point p of S 2 we can assume that g is a smooth frame for / in G. 
In particular, g satisfies the usual Lax pair equations for frames of harmonic maps and one can 
introduce the parameter A and extend g locally to an extended frame of /. This implies that we 
can consider the frame g(z, z, A) as an element in the twisted loop group (AG CT )°. Moreover, we 
have the generalized Cartan immersion for every A £ C*, whence the formula (|43p holds (locally 
in p) for every A G C* . 

Let's consider now the loop group procedure as presented in [26], some of which is also 
contained in [18] . Since the involutory automorphism of G x G defining the symmetric space G 
is just the interchanging map p, it is easy to verify that the twisted "double loop group" is 

A(G x G% = {(g(\),g(-\)),g(\) G AG}. (44) 

Correspondingly we obtain 

A+(G x Gf p = {(g(X),g(-X)),g(X) G A+G c }. (45) 

Similarly we obtain the description of A~(G x G)9. Note that the matrices occurring here are 
not a— twisted. The a— twisting is encoded in the different sign of A in the two factors. It is 
a fortunate coincidence, that a matrix g G (AG) is in the twisted loop group (AGo-) if and 
only if the pair (g(X), <t(<?(A))) is in the p— twisted loop group associated with G x G (Here the 
superscript " °" denotes the identity component). This has the consequence that the map (|4"3]) 
is actually a map into A(G x G) p . In other words, we have a local lift F(z, z, A) for every A G C* 

F(z, z, A) = (g(z, z, X),a(g(z, z, A))) G A(G x Gf p . (46) 

If g is another local lift, then on the domain of intersection g and g only differ by some gauge 
from K: g(p) = g{p)k{p). Then g(z, z, A) = g(z, z, X)k(z, z) and 

F(z,z,X) = F(z,z,X))C(z,z), (47) 

where K, = (k, k). We can assume w.l.g. that F(zo, zq, A) = / if zq is in the domain of definition 
of g. 
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The loop group method now requires to perform a Birkhoff decomposition 

F(z,z,X) = F-(z,z,\)F+(z,z,\) (48) 

with F e (z, z, A) G A £ (Gx G)S; . Note (f4"T|) implies that F_ is for every p G M independent of the 
choice of local lift g. Let's look at F_ in more detail. Writing out (|48|) we consider 

( 5 0, z, A), <t( 5 ( z , f, A))) = («_ (z, A), «_ (z, -A)) (F+(z, z, A), z, -A)) (49) 

with u_ G A.<7 ' and G AG C . Whence 

5(2;, z, A) = u- (z, X)V + (z, z, A), and a (g[z, z, A)) = u-(z, —A) V+(z, z, —A). 

For our purposes we want u_ G A*G^. Comparing the two equations above we obtain 

u_(z, A) _1 <7(it_(z, -A)) = o-(V+(2f, 2, -A))V + (z, z, A)" 1 = g(z, 2, A). (50) 

This implies that the expressions in (I50p are independent of A. But the left-hand expression in 
([50]) has I as A— independent term. Therefore q(z, z, A) = I and u_ and V + are twisted with 
respect to a. Note that u_ is defined and meromorphic on S^. We claim that t\— — u_^^u_ 
(G A~ 1 g c ) provides a normalized potential for /: 
Starting from we solve the ODE 

uZ 1 du- = rj-dz, u_(zo,A) =1 

with the U- we already know. Considering next F—(z, A) = (u-(z, A), U-(z, —A)) we know that 
an Iwasawa splitting exists {F- = FF^ 1 ). Let F denote the unique Iwasawa factor away from 
poles of U-. Then locally (g, c(g)) = F1C and the corresponding harmonic map / satisfies f = F 
mod Fix(p) = {ga{g)~ 1 , e) = (f,e). 

□ 

Remark 4.14. Let / : S 2 — > G/K be a harmonic map and rj its normalized potential with 
reference point zq. Then away from the (finitely many) poles of 77 there exists an extended 
frame F for / and a global Iwasawa splitting F = F—F+, FZ 1 -j^F- = r\. Moreover, F_ is 
meromorphic on S 2 . 

Clearly, the normalized potential just discussed lives on S 2 = M. If one wants to construct 
harmonic maps from some arbitrary Riemann surface M into some affine symmetric space G/K, 
one has at least some indication for where to find an appropriate potential, if one knows that 
for every harmonic map from M to G/K there is some potential defined on M. So far there is 
known |24| . Theorem 3.2 

Theorem 4.15. If M is non-compact, then for every harmonic map from M to any affine 
symmetric space there exists a holomorphic potential defined on M (more precisely, there exists 
a potential on the universal cover M of M which is invariant under the fundamental group of M .) 

We conjecture more generally 

Every harmonic map from any compact Riemann surface M to any affine symmetric space 
can be obtained from some meromorphic potential defined on M . 

Remark 4.16. The statement that every harmonic map from S 2 to some affine symmetric space 
G/K can be obtained from some meromorphic potential on S 2 means more precisely: the ODE 
dC = Cr] has a meromorphic solution and the "frame" obtained via Iwasawa splitting is rational 
in the variables z and z. The projection onto G/K then yields a smooth harmonic map. (If one 
starts from some arbitrary potential, singularities may occur.) 

The conjecture is that this works the same way if M is an arbitrary compact Riemann surface. 
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4.3 Wu's Formula 



From the definition of the normalized potential we can read off that it is obtained from the 
A -1 — part of the Maurer Cartan form of F by conjugation by some matrix function with values 
in K . For known examples one can write down the normalized potential much more specifically. 
In |63| . Wu showed how one can determine locally the normalized potential from the Maurer- 
Cartan form of the harmonic map /. Suppose that D is contractible and let's choose for simplicity 
w.l.g. the base point zq = 0. Let 5\ denote the sum of the holomorphic terms in the Taylor 
expansion of a[ about 0, considered as a form depending on z and z. The form 5\ is called the 
holomorphic part of o^. Similarly, denote by 5q the holomorphic part of a' . Then we obtain 

Theorem 4.17. (Wu's Formula [63]) Let D be a contractible open subset ofC and 06Da base 
point. Let f : D — > G/K be a harmonic map with /(0) = eK. Then the normalized potential r\ 
of f with the origin as the reference point is given by 

r 1 = F (z)5 1 F (z)- 1 , (51) 

where Fq : D — > G/K is the solution of the equation Fo(z)^ 1 dFo(z) = 5o, i*b(0) = F(0) and 
F(0) E K is the value of some frame for f at z = 0. 

Note that one can actually show (similar to |25| ) that the Maurer-Cartan form a of F has 
a meromorphic extension to D x D, permitting to replace z globally by a free variable. As an 
application of Wu's formula, we consider the normalized potential of a conformally harmonic 
map into SO+(l, n + 3)/SO+(l, 3) x SO(n). 

Hence we obtain the normalized potential by conjugation of the holomorphic part of a\ of 
a by a map 

F = diag{ii,i 2 } : M -> SO + (l,3,C) x SO(n,C) 

(which can be specified further). 

By Theorem 13. 161 we know that the (1,0)— part of a\ has the form 

a[ = ( -4/i,3 B o 1 dz - 

Therefore, the holomorphic part of a' x is of the form 

i - ( JL ) *■ 



Then 



V ~ X [ -A 2 B'\I 1>3 A^ ) dz - X {-Btl 1>3 



Recall that B\ satisfies B\l\^,B\ = 0. Hence we have that B\I\ ^B'\ = 0, showing that 



B x I lj3 Bt = 0. 

Theorem 4.18. Let D be a contractible open subset ofC and G D a base point. Let /:©—>■ 
SO + (1, n + 3) / SO + (1,3) x SO(n) be a strongly conformally harmonic map with /(0) = eK and 
F : D — > (AG a )° an extended frame of f such that F(0,X) = L. Then the normalized potential 
of f is of the form 

° B *)dz, where B 1 t I 1 , 3 B 1 = 0, (52) 
-L>l-ll,3 U J 
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and where B\dz is a meromorphic (1,0)— form on D. 

Conversely, any such normalized potential defined on D gives a strongly conformally har- 
monic map from an open subset 6 Di C O into SO + (l,n + 3)/ SO + (1,3) x SO(n). 

Remark 4.19. It is straightforward to verify that 



So t] is pointwise nilpotent as a Lie algebra-valued function. However this does not imply 
that r\ attains all values in a fixed nilpotent Lie subalgebra. As a consequence, in general the 
corresponding conformally harmonic map is not of finite uniton type. A standard example for 
this is the Clifford torus in S 3 , which is of finite type and not of finite uniton type. 

4.4 Harmonic maps into non-compact symmetric spaces and associated har- 
monic maps into their compact dual 

The main interest in this paper is to discuss Willmore surfaces and thus to discuss conformally 
harmonic maps into a specific non-compact, inner symmetric space. In this subsection we assume 
more generally that G is connected, non-compact, semi-simple, real Lie group and G/K a non- 
compact inner symmetric space with inner involution a on G. Let g denote the Lie algebra of 
G and g c its complexification. Then we obtain, as usual, three involutory, pairwise commuting 
automorphisms of g c : The complex linear extension of a to g c , the complex antilinear involution, 
called r, which defines the real form g of g c and an involution 9 which is the complex linear 
extension of a Cartan involution on g and which commutes with a. 

Let G c denote the simply connected complex Lie group with Lie algebra g c . Then a, t and 
9 have extensions to pairwise commuting group homomorphisms of G c . 

Let / : M — > G/K be a harmonic map with an extended frame F : M — > AG a C AG^. We 
want to relate / to a harmonic map / into a compact inner symmetric space. 

Let U = Fix(9), then U is a maximal compact subgroup of G c and U is simply connected 
(PQ). Moreover, observe that Fix(a) = K c is a connected complex Lie group (see pQ, Lemma 
2) with K C K c n G. Let g = t + p be the decomposition of g relative to a and g = f) + m the 
decomposition of g relative to 9. Then 



It is easy to see now that (fnu) = (6 n f) + (it) n (im)) C = t c holds. 

As a consequence, for the maximal compact Lie subgroup U of G c constructed above we 
obtain 




g = tnf) + {nm + pnf) + pnm 



as a direct sum of vector spaces. Moreover, for the Lie algebra u of U we have 



u = fnf) + pnf) + j(fnm + pnm) 
= (I n h + (it) n (im)) + (p n fj + (ip) n (*m)) 
= t c n u + p c n u. 
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Example 4.21. For the strongly conformally harmonic map associated with a strong Willmore 
map / : M S n+2 we have 

G = S0 + (1, n + 3), G c = 50(l,n + 3,C), and K = SO(l, 3) x SO(n). 

Hence [/ ^ SO{n + 4), and [/ n K c = 50(4) x SO{n). Moreover, 

Lie(U) = u = {A e so(l,n + 3,C)|^4 = (o jfe ), my e R,j = 1, ■ ■ ■ ,n + 4}, 

(u n t c f = so(l, 3, C) x so(n, C) = t c . 
Now we are in the position to prove 

Theorem 4.22. Let f : M — >■ G/if be a harmonic map from a simply connected Riemann 
surface M into an inner, non- compact, symmetric space G/K and assume that its extended frame 
F only attains values in the big cellT u C AG^r. Let U be a maximal compact Lie subgroup of G c 
satisfying (U D K c ) c = l\ . Then there exists a (new) harmonic map fu : M -> U/{U n K c ) 
into the compact symmetric space U/(U D K c ) which has the same normalized potential as f. 
The map fu is induced from f via the Iwasawa decomposition of F relative to U. 

Proof. So far for the harmonic map /, we have considered the Iwasawa decomposition in AG^ 
relative to AGo-. Restricting a to U, we can consider the twisted loop group AE/~ and the cor- 
responding Iwasawa decomposition of AU~: relative to AU a . By our construction, complexifying 
G and complexifying U yields the same complex Lie group G c and the holomorphic extensions 
of a from G and from U yield the same involution of G c . Therefore the complex twisted loop 
groups, constructed starting with G and starting with U are the same, that is, 

AG^ = A[/C, and A + G^ = A + U^. 

Applying this we can perform another Iwasawa decomposition of AG^r: 

AU a ■ A + G^ = AG^. 

Now let us turn to the harmonic map. First we assume that M = D is a contractible open 
subset of C. Then we derive a global extended frame F(z, z, A) of /. Applying this decomposition 
to the frame F we obtain 

F = Fu-W+, Fu £ AU a , W+eA+U^. (53) 
Writing as usual a = F~ 1 dF = A" 1 ^ + «o + AaJ,', we obtain 

F^dFu = a v = W+aW^ 1 - dW+W^ 1 = X^W^W^ 1 + a Ufi + Xa v ,i ■■■■ 
Since W+ e A+C/J = A+G^, we have 

W e K c , and a(W ) = W . 
Since a' € Ap^r we obtain moreover 

a{a' p ) = -a' p , and a{W a' p W^) = -W a' p W^ . 
Since ol\j is fixed by the anti-holomorphic involution we infer 

au = A^aJ, + a t + \a' p ' , 
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where 

a t euflf, and a p ' = 9 (\a' p ) G p c . 
As a consequence, i 7 ;/ is the frame of a harmonic map fu:M -> [//(£/ n i^ c ), where actually 

fu = F v mod Ur\K c . 

Computing the Birkhoff decomposition of -F as well as of i 7 ^/ we obtain 

= F = F V W + = F V - ■ F v ,+ ■ W+, 

with 

f_ = i + o(\- 1 ), F Ut - =i + o(\- 1 ) g a;^ c = a;g^. 

This implies -F_ = -Ft/,-, whence we also have r\ = FZ 1 dF^ = F^ l _dFu~. 

For the case of M = S 2 , we use the extended frame constructed in the proof of Theorem 
14.131 Then the argument can be repeated verbatim and we obtain a globally defined harmonic 
map fu : S 2 — )• U/(U n K c ) and / shares the normalized potential with fu- □ 

In view of the computations carried out above it is easy to verify that a harmonic map 
fu : M —7- U /{U n K c ) is of finite uniton type if and only if its extended frame F actually is a 
Laurent polynomial in A if and only if is a Laurent polynomial in A. 

Corollary 4.23. Let f : M — > G/K be a harmonic map and fu the associated harmonic map 
into the compact symmetric space U/(U n K c ) as in Theorem Then f is of finite uniton 

type if and only if fu is of finite uniton type. Moreover, we have r{f) = r(fu). 
If M = S 2 , then f always is of finite uniton type. 

Proof. Let F, Fu be the (local) extended frame of / and fu respectively as above. By (i53j) . a 
Fourier expansion of F has only finite powers of A -1 if and only if Fu has only finitely many 
powers of A -1 with Fourier expansion. Using the reality of F and Fu, we conclude that F is 
a Laurent polynomial of A if and only if Fu is a Laurent polynomial of A. This is exactly the 
finite uniton number claim. The equality of r(/) and r(fu) follows directly. 

For the case of S 2 , by Burstall and Guest's theory [121. fu is of finite uniton type and hence 
also / is. □ 

Remark 4.24. Another way to show that / is of finite uniton type when M = S 2 is to follow 
Uhlenbeck's approach. Note that the proof of Theorem 11.5 of [57] can be applied verbatim 
when one assume G to be non-compact. Combining with the frame- free treatment in the proof 
of Theorem 14. 131 in Section 4.2, this will give another proof of / being of finite uniton type when 
M = S 2 . 

5 Application of Loop group theory to Willmore surfaces 

In this section we will present some examples which illustrate the theory of the previous sections. 

5.1 Conformally harmonic maps containing a constant light-like vector 

From Theorem 13.101 we see that there are two kinds of conformally harmonic maps satisfying 
B\l\^B\ = 0: those which contain a constant lightlike vector and those which do not contain a 
constant lightlike vector. Moreover if such a harmonic map / does not contain a lightlike vector, 
/ will always be the conformal Gauss map of some Willmore map. This class of Willmore maps 
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corresponds exactly to all those Willmore maps which are not conformal to any minimal surface 
in M n+2 , since minimal surfaces in M n+2 can be characterized as Willmore surfaces with their 
conformal Gauss map containing a constant lightlike vector. Since minimal surfaces in M n+2 can 
be constructed by various methods, we are mainly interested in Willmore surfaces not conformal 
to minimal surfaces in IR™ +2 . It is therefore vital to derive a criterion to determine whether a 
strongly conformally harmonic map / contains a lightlike vector or not. This is the main goal 
of this subsection. 

To begin with, we first prove a technical lemma. 



A, 



Lemma 5.1. Let 

( ai3 a u \ 

— di3 — <2i4 

&13 «13 CI34 

\ au ai4 -a 34 / 

be a holomorphic matrix function on a contractible open Riemann surface U. 
solution to the equation 



Let Fqi be a 



Then 



F 01 L dF i = A l0 lz, 



'01 



■K&t 

bi3 
bu 



with 



and 



&13 

bu 



r 



-f 

Jo 



Fqi 


2 = 


bi3 


b u 


-bi3 - 


-bu 


1 








1 



o = h- 



COS Ifi 

— simp 



\ 

sin ip 

COSp J 



a 3 4 dw, 



>13 



rz PZ 

I (ai3 cos (p + ai4 sin ip)dz, and bu = / (— a\s sin tp + au cos tp)dz. 
Jo Jo 



Proof. Set 
/ 1 



"01 



V 



cosp 
— simp 



\ 

simp 
cos pi J 



and Fm = 



( 1 + |(6?3" 

-§(&?3 + 




3(&?3 + 6?4) 


&13 


614 
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614) 


-&13 


-614 




&13 




&13 


1 







\ b u 




6l4 





1 





Straightforward computations yield 



F^dF 



01 



and 



-^01 ^01 













\ 


















d 

















034 




^ 





-034 


J 




/ 








&13 


b'u 


\ 










"^13 


-b'u 






b'13 










\b'u 


b'u 








) 



dz, 



with b' 13 = «i3 cos if + au simp, b' u = —013 sin 99 + au cos ip. Moreover, one obtains 



Z7~ 1 Z7~ 1 TP TP 

-^01 ^01 ^01-^01 



1 





ai3 


O14 


\ 








-ai3 


-au 




«13 


«13 










\ Oi4 










/ 
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Since Fqi = FqiFqi, one derives 



F 01 Fqx z — Fq/Fqt FqiFqi + FqiFoiz — A\. 



□ 



Theorem 5.2. Let M denote the Riemann surface S 2 ,C or the unit disk of C. Let f : D — > 
SO + (l, n + 3)/SO + (l, 3) x SO(n) be a strongly conformally harmonic map which contains a 
constant light-like vector. Assume that f(p) = I n +4 • K w.r.t some base point p e M and z is a 
local coordinate with z(p) = 0. Then the normalized potential of f with reference point p is of 
the form 



rj = X 



-B\I 



1,3 



Bi 




dz, where B\ 



( 


hi 


/12 •• 


fin 


\ 




-fn 


-/12 •• 


■ —fin 






/31 


/32 


fzn 




{ 


ihi 


if32 • • 


■ if?,n 


J 



(54) 



Here fij are meromorphic functions on M . 

Proof. Let F(z, z, A) = (01,02,03,04,^1,-' 
F\ z= q = I„+4. W.l.g, we may assume that 



, ip n ) be a frame of / with the initial condition 



Yq = 01 - 02 

is the constant lightlike vector contained in /. As a consequence, we derive 

n 

012 = 02z = O1303 + ai404 + V^^Pjtpj. 

i=i 



That is 



>\z, <P2z) 



Comparing with F 1 F Z 



ai 3 ai4 \/2/3i ••• V2f3 n 

aw «i4 v^i ■■■ v^n 

Ai Si 

^2 



■F l 



we obtain 



^i 



/ 




ai3 «13 
\ ai4 014 



ai3 
-ai3 


-034 



ai4 \ 
-014 
a34 
/ 



/ 


■■ 


• V^n \ 




-V2/3 X •• 






-fci •• 


kn 


V 


•• 


— k n / 



Since B\I\^B\ = 0, k± = ik%,--- ,k n = ik n or k\ 



ik±, ■ ■ ■ ,k ri 



-ikn. Similar to the 



discussion in Lemma 3.8 of Section 3, without loss of generality, we assume that on M, k\ = 
ik\ , • • • , k n = ik n . 

For the computation of the normalized potential, we will apply Wu's formula stated in Section 
4.3. Let 5\ = (dij) denote the "holomorphic part" of A\ with respect to the base point z = 0, 
i.e., the part of the Taylor expansion of A\ which is independent of z. Let Fq\ be a solution to 
the equation 

F^dFoi = 5\dz, ^01)2=0 = h- 

5(^13 + ^14) &13 cos f ~~ sin tp 613 sin ip + 614 cos ip 
1 — ^(&i3 + ^14) — &13 cos ip + bu sin ip —(613 sin cp + 614 cos ip) 

613 cos<^ sin^ 

614 — sin ip cos ip 
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with 



i-z r-z rz 

I CL34 dz, 613= / (oi3 cos ip + a,i4 sin tp)dz, 614= / (—013 sin ip + 014 
io io Jo 



cos <^)dz. 



Let (^2 denote the "holomorphic part" of A 2 , with respect to the base point z = 0, and let 
F02 be a solution to the equation F ~ 2 dFo2 = S 2 dz, Fq2\ z =o = In- 

Let B\ denote the holomorphic part of B\. By Wu's formula (Theorem l4.17p . the normalized 
potential can be represented in the form 



77 = A" 1 



Fox 
F 02 

B x 

-B[h, 3 



Bx 

1^1,3 



-BU 



F01 
F 02 



dz 



(55) 



dz, 



with 



B\ = FqiBiF, 



02 



/ /11 /12 

— fll — fj.2 

^ hi ~~fp 

\ -ifai -i/32 



/in \ 
~fln 

-«/3n / 



F, 



(12 



Ai 


A2 • • 


fin 


\ 


-Ai 


-Aa • • 


— fin 




_ /31 


~ /32 


f'3n 




-«Ai 


-i/32 ' ' 


■ -ifin 


) 



It is not difficult to verify that f?(;J|) takes values in a nilpotent Lie subalgebra of rank 2 (see 
e.g. [27J for details). □ 

We note that the converse of Theorem 15.21 also holds. 

Theorem 5.3. ([21]) Let r] be a normalized potential of the form (|54p . Then Blli^Bi = and 
we obtain a strongly conformally harmonic map f : M — )■ SO + (l,n + 3)/50 + (l,3) x SO(n). 
Moreover, f contains a constant light-like vector and is of finite uniton type. 

Remark 5.4. For the proof of Theorem 15.3^ one needs long and technical computations. It is 
easy to verify that / is of finite uniton type. Moreover, / actually belongs to one of the simplest 
cases, called S 1 — invariant (See [12], [IB]). For such harmonic maps, by using a direct but 
lengthy computation, one can derive the harmonic map directly and then read off the needed 
information. For details of the proof of Theorem 5.3 see |27j . 

Corollary 5.5. Let f : M -> SO + {l,n + 3)/S'0 + (l,3) x SO(n) be a strongly conformally 
harmonic map with its normalized potential n of the form (|54p and of maximal rank(Bi) = 2. 
Then f can not be the conformal Gauss map of a Willmore surface. In particular, there exist 
conformally harmonic maps which are not related to any Willmore map. 

Remark 5.6. Using the loop group method it is easy to see that harmonic maps satisfying the 
assumptions of the corollary always exist. 

5.2 The conformal Gauss map of isotropic Willmore surfaces in S 4 

Another important class of Willmore surfaces is formed by the totally isotropic Willmore surfaces. 

Definition 5.7. (11 J?]/, ]3Vj) Let y : M — > 5 n+2 be a smooth immersion, z a local coordinate 
of M and Y a local lift. Retaining the notation of Section 2.1, we denote by Dz the j—th 
derivative of k. Then y is called totally isotropic if 



(Di K ,D l z K) = 0, forj, 1 = 0, 1, 



(56) 
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Note that totally isotropic surfaces only exist in even dimensional spheres S 2m . They can 
be described as projections of holomorphic or anti-holomorphic curves in the twistor bundle 
1S 2m -> S 2m , see m; for details. 

It is well-known that isotropic surfaces in 5 4 are all Willmore surfaces (moreover S-Willmore 
surfaces, see [H], [47]). However, in general, totally isotropic surfaces in S 2m are not necessarily 
Willmore surfaces when m > 2. Until now, to the best of the knowledge of these authors, there 
does not exist a good geometric criterion to determine when an totally isotropic surface will be 
a Willmore surface. 

Concerning isotropic (Willmore) surfaces in 5 4 , we have that 

Theorem 5.8. Let y : M — > 5 4 be an isotropic surface from a simply connected Riemann 
surface M, with its conformal Gauss map f = Gr defined in Section 2.1. Then the normalized 
potential of Gr is of the form 



i-i 





1 J 1,3 



-B\I 



Bi 




dz, with B 



( hi ifu \ 

hi ihi 

hi ihi 

\ hi ihi } 



-/n + /!i + /3 2 i + /i = 0. (57) 



Moreover, Gr is of finite uniton type with uniton number r(/) at most 2. In particular, f is 
5 1 -invariant. 

Conversely, let 77 be defined on M of the form and let f : M -> SO + (l, 5)/50+(l, 3) x 
50(2) be the associated strongly conformally harmonic map. Then either f is the conformal 
Gauss map of an isotropic S- Willmore surface in 5 4 , or f takes values in SO + (l, 3)/50 + (l, 1) x 
50(2) or in 50(4)/50(2) x 50(2) and is not the conformal Gauss map of any Willmore im- 
mersion. 

Proof. Retaining the notation of Section 2.1 for y and Gr, the isotropy property of y shows that 
{k,k) = 0. Differentiating with D s , one obtains (DzK,k) = 0. Noticing that the normal bundle 
is a line bundle, we observe that D s k is parallel to k. Without loss of generality, we can assume 



kiipx + ikifa, and D s k = fcipi + if3iip2, 



with ipx, ip2 an othonormal basis of sections of V~ 
Maurer-Cartan form of F(z, z, A) w.r.t y is 



in the sense of Section 2.1. Therefore the 



F~ 1 F Z 



Ax 



Bi 
A 2 



with B 



V 



V2(3x 

-ki 
—ik\ 



-ik\ 
-ik\ 



) 



To apply Wu's formula (Theorem 14. lTj) as in the proof of Theorem 15. 2^ let 5\, 62 and B\ 
denote the "holomorphic part" of A\, A 2 and Biwith respect to the reference point z = 
respectively, i.e., the part of the Taylor expansion of Ai, A 2 and B\ which are independent 
of z. Let Fqi and -F02 be the solutions to the equations F^[ dFoi = 5\dz, Fqi\ z= q = I4 and 
F 02 1 <iFo2 = d~ 2 dz, Fq 2 \ z= o = I2 respectively. By Wu's formula (Theorem I4.17p . the normalized 
potential can be represented in the form 



77 = A 



-1 



Bx 
-B{h,3 



dz, 



with B x = FqxBxF, 



02 
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Noticing that here B\ is of the form 

B\ = (vi,ivi) , with v\ 6 C 4 , 
it is immediate to check that both Fqi and Fq2 will not change this form. So 

Bi = {vi,ivi) . 

It is easy to verify that B\l\^Bi = is equivalent with v\l\^vi = 0. This is exactly what was 
stated in ([5i 



The last statement is a corollary of the fact that ?7(Jj) in (|57p takes values in a nilpotent Lie 



subalgebra of rank 2 (see [27]). 



□ 



Remark 5.9. Isotropic surfaces in S 4 provide another type of strongly conformally harmonic 
maps of finite uniton number < 2, which actually have an intersection with minimal surfaces in 
M (see e.g. the examples below). For more details, we refer to the classification theorems in 

We also note that in [7J there has been derived a Weierstrass type representation for isotropic 
minimal surfaces in S 4 . 

As a consequence of Theorem 15.21 Theorem 15.81 an d the classification theorems in [31 j , [52] , 
[5T1 . [36], we obtain 



Corollary 5.10. The conformal Gauss map of a Willmore two-sphere in S 4 is of finite uniton 
type with r(y) < 2 and hence S 1 -invariant. 

Proof. By the classification theorems in [31j . [52], [51], a Willmore two-sphere in S 4 is either 
isotropic or is conformal to a minimal surface in M 4 . Applying Theorem 15.21 and Theorem 15.81 
we obtain the corollary. □ 

Corollary 5.11. The conformal Gauss map of a Willmore torus in S 4 with non-trivial normal 
bundle is of finite uniton number at most 2 and hence S 1 -invariant. 

Proof. The main result of |46] states that a Willmore torus in S 4 with non-trivial normal bundle 
is either isotropic or is conformal to a minimal surface in M 4 . In the first case, the claim follows 
by Theorem 5.8 and the second case the claim follows by Theorem 5.2 and Theorem 5.3. □ 

Here are two Willmore surfaces which are both isotropic and conformal to some minimal 
surfaces in M 4 . 

Example 5.12. Let 



-Bih, 3 
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The corresponding associated family of Willmore surfaces is 

/ . 1 ^2 
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(58) 
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Note that y\ is an embedded Willmore sphere in S 4 with Willmore energy W(y\) = 4-7T (recall 
the definition (|14p ). It is straightforward to verify that y\ is conformal to the minimal graph 



i(z — z) —(z + z) i(X l z — Xz) A 1 z + Xz\ t 



(59) 



in IR 4 . Together with the fact that y\ is totally isotropic, it belongs to the intersection of isotropic 
surfaces in S" 4 and surfaces conformal to minimal surfaces in M 4 . We refer the interested reader 
to ED for a more detailed discussion of such surfaces. 



Example 5.13. Let 
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The corresponding associated family of Willmore surfaces is 
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This surface is isotropic and conformal to the minimal surface 
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-i(z - z), —(2 + z), i(X l - 
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2 ; ' v 2 2 



(61) 



in IR 4 . Hence it belongs to the intersection of isotropic surfaces in S 4 and of surfaces conformal 
to minimal surfaces in M 4 . Note that y\ has a branch point at 00 and the Willmore energy is 
W(y x ) = 2vr. 



5.3 A concrete, new, and totally isotropic Willmore sphere in 

Since the work of Ejiri [3T], it has been an open question whether there are Willmore spheres 
in S n , n > 4, which are not S- Willmore. After some tedious calculations, applying |12j in the 
spirit of |26j . we show that there exist two different kinds of new Willmore 2-spheres in S e . The 
first class of surfaces contains totally isotropic non S-Willmore Willmore spheres which are full 
in S 6 . The other type of Willmore 2-spheres is more complicated. These Willmore surfaces 
are neither S- Willmore, nor have they an isotropic Hopf differential. In general, these Willmore 
surfaces may have branch points. Moreover, the latter type of surfaces may exist as full surfaces 
in some S 5 C S e (No concrete examples have been worked out so far). Till now we only can 
show the existence of such (possibly branched) surfaces. 

For the first type of new Willmore spheres in S 6 , we have the following example: 



Theorem 5.14. flST/) Let 



77 = A 







By 




dz, with B 



2iz 
-Hz 
-2 
2i 



-2z 

2z 
-2i 

-2 



-i 1 
-i 1 

-z —iz 
-iz z 
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Then the associated family of Willmore two-spheres x\, A G S , corresponding to r\, is 



( (l 



1 + r 2 + 



5r 4 , 4r£ 



+ 
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3r J 



+ 



*>8 
36 



\ 



(* + z)(l + if)) 
i((A-V-Af 2 )(l-^) 
((A-V + Az 2 )(l-g)) 
-i r ^(\- l z-\z)(l + ^4 



\ ^{\- l z + Xz)(l + A -t) J 



(62) 



/ 1 




















\ 





1 

























1 

























A+A -1 
2 


A-A- 1 
-2i 



















A-A" 1 
2i 


A+A" 1 
2 

























A+A" 1 
2 


A-A- 1 
-2i 




V o 














A-A" 1 
2i 


A+A- 1 
2 


/ 



• Xl 



with r 



D\ ■ xi, 
z x\\\=i, 



z\, xi = x\\\=i, and D\ G 50(7). Note that all these surfaces x\, A G S , are 
isometric to each other by rotations by matrices of 50(7). Moreover, x\ : 5 2 — > 5 6 is a 
Willmore immersion in 5 6 ; which is non S-Willmore, full, and totally isotropic. In particular, 
x\ does not have any branch points. 

Remark 5.15. For the proof of Theorem 15.141 and more discussion on Willmore two spheres, we 
refer to [27] . Here we note that this is the first new example of a Willmore 2-sphere in 5 6 which 
is not S- Willmore (and thus has no dual surfaces). 

Although xi has no dual surfaces, it has infinitely many adjoint surfaces, according to the 
discussion in Section 4.2 of [17J. And we note that 



/ 



r± 

4 



-r 2 + l + ^ + £ 



\ 



V 



it* 2 -* 2 ) 

i((z--z)) 

((*+*)) 



is an adjoint surface of x\ and it is branched at oo. The details will be published elsewhere. 



5.4 Willmore immersions with symmetries 

Among all Willmore immersions into 5 n+2 , some have additional symmetries. In this subsection 
we will briefly outline the general theory and in the following section we will present one of the 
many applications. 

Let y : M — > S n+2 be a Willmore immersion from a Riemann surface M to 5 n+2 . Assume 
that R is an orientation preserving conformal transformation of 5 n+2 , considered as a linear 
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transformation of R™ +4 . Assume R(y(M)) = y(M). Then R expresses some "symmetry" of 
y. If M is simply connected and the metric induced on M by y is complete, then [2TJ there 
exists some orientation preserving conformal transformation 7 of M with respect to the induced 
metric such that 

yin-p) = Ry{p) (63) 

for all p € M. 

Therefore, if we talk about a symmetry of some Willmore immersion we always mean a pair 
(7, R) as above. Actually, it is not necessary here to assume that M is simply connected nor 
that the induced metric is complete. 

Theorem 5.16. Let y : M — )• S n+2 be a Willmore immersion and (7, R) a symmetry of y. 
Then the conformal Gauss map f of y satisfies 

f(j.p) = Rf(p) (64) 

where R denotes the isometry of the symmetric space SO + (l, n + 3)/SO + (l, 3) x SO(n), which 
is induced by R considered as an element of the Lorentz group SO + (l,n + 3). 

Proof. This follows directly from the construction of the conformal Gauss map. □ 

Symmetries have been investigated for many types of harmonic maps. In our case we obtain 

Theorem 5.17. Let f : M -> SO + (l,n + 3)/SO + (l,3) x SO(n) be a harmonic map with 
symmetry ^7, Rj . Let F denote the moving frame associated with f as in Section 3. Then there 
exists some k : M — > S*0 + (1, 3) x SO(n) such that 

j*F(p) = RF(p)k(p). (65) 

Proof. It follows directly from (I64j) . □ 

Now the symmetry equation for F above implies 

7 *a = k~ l ak + k~ l dk (66) 

Clearly, 7*0^ = k~ a\ k, 7* a" = k~^ol[k, and 7*«o = k~ 1 a^k + k~ l dk. Recalling now how the 
spectral parameter A was introduced (|2ip . it follows 

1 *a x = k- 1 a x k + k- 1 dk (67) 

From this we obtain (see also e.g. |21j ) 

Theorem 5.18. Let M be simply connected and (7, R) a symmetry of the harmonic map f : 
M -> SO+(l,n + 3)/50+(l,3) x SO{n). Then there exists some X (A) G (ASO+{l,n + 3) CT )° 
such that 

7 *F(z, z, A) = xWF(z, z, X)k(z, z), (68) 
where k is as above and thus independent of X. 

Proof. Since M is simply connected, the system of partial differential equations dF(z, z, A) = 
F(z,z, X)a\ has a solution on all of M. By ([67]) it is clear that ^y*F(z,z, A) and F(z,z,X) 
solve the same system of pde's. Hence there exists some x such that (|68p holds. The right 
factor of equation (I68p is obviously the same as for the case A = 1. Since we have normalized 
F(z, z, A) to satisfy F(p,X) = L, equation ([68]) implies x(A) = F(^.p,X). In particular, x(A) G 
(A50+(l,n + 3) CT ) . □ 
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To determine how the normalized potential behaves under the action of symmetries we 
perform a Birkhoff decomposition of Fx = F-F+ (away from some discrete subset) and obtain, 
by collecting all elements in A + SO + (l,n + 3, C) a in one place: 

Theorem 5.19. Let f : M ->• SO + (l,n + 3)/SO + (1,3) x SO(n) be a harmonic map with 
symmetry (7, R) . Then for F- we have 

7 *F^= X F-V + (69) 

for x as above and some V+ £ A + SO + (l,n + 3, <C) CT . For the normalized potential n of f we 
obtain 

= V^ 1 r ] V+ + V+ 1 dV+ . (70) 
Proof. First, from Theorem 15.181 we have 

J* F x = xFxk. 

Therefore 

7*F_ = xF\kV + = xF-F + W + = xF-V+, with V+ = F + kV+ G A+£0+(l, n + 3, C) a . 
Hence 

7*7? = ( 7 *F_)- 1 d( 7 *F_) = V^ 1 r J V+ + V+ 1 dV+. 

□ 

In general this is a very complicated equation. When using a holomorphic potential in place 
of the normalized potential, the situation will, in general, be equally complicated. Hence it is 
important to know that, by some clever choice of the potential, one can assume V+ = I, if 
the symmetry belongs to the fundamental group of some surface M. However, this is of no 
importance to this paper, since we are only interested in examples, for which we can choose 
potentials that work. 

For our applications it will be important to have the following theorem, which comes directly 
from the proof of Theorem 15.191 

Theorem 5.20. Assume rj is a potential for some harmonic map f : M — > SO + (l,n + 
3)/50 + (l,3) x SO(n). Assume moreover that 7 is a conformal automorphism of M and that 
equation (|70p holds, then there exists some xW £ (A50 + (l,n + 3,C)o-)° such that for the 
solution .F_ to 

dF- = F_r?, F_ (z = 0, A) = I 

equation (|69p holds. 

Proof. Since 7*F_ and satisfy the same ODE by (|69p . they only differ by some matrix in 

AS'0 + (l,n + 3,C) CT which does not depend on z and z. As in the proof of Theorem 15.191 this 
matrix xW 1S contained in the connected loop group. □ 

Since it is of particular importance we state the following result as a separate theorem 

Theorem 5.21. With the notation of the previous theorem, i/x(A) G (ASO + (l,n + 3) a )° , then 
7 induces the symmetry 

l*f = X(A)/ (71) 

of the harmonic map f . 
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Proof. From Theorem 15.201 we obtain 

7 *F = 7 *F-7*(^+ X ) = xWF-V +1 *(V^) = xWFW + 

where W + = V4.7* (V+ 1 ). But since 7 *.F, x(X) an d F are in the real loop group (ASO + (l,n + 
3) CT )°, also W+ is in the real loop group (A50 + (l,n + 3) CT )°, whence W+ is independent of A and 
thus contained in the stabilizer group SO + (l,3) x SO(n) of the symmetric space SO + (l,n + 
3) /SO+ (1,3) x SO(n). □ 

Since we are primarily interested in Willmore immersions we finally state 

Theorem 5.22. With the notation of the previous theorem, if f induces a unique Willmore 
immersion y = [Y] into S n+2 (i.e., y is not S- Willmore or the dual surface of y reduces to a 
point), then equation ([71]) induces the symmetry, 

1 *y=[ 1 *Y] = [ X (\)Y], (72) 

since x(A) G (A50 + (l,n + 3) a )°. If f induces a pair of dual Willmore immersion y = [Y] and 
y = [Y] into S n+2 , then equation (I7ip induces the symmetry 

7 *y := [j*Y] = [ X (X)Y] and 7 *y := [j*Y] = [ X (A)Y], (73) 

or 

7*(7*y) = [XW 2 Y] and 7 *( 7 *y) := [ X (X) 2 Y]. (74) 
Moreover, for the latter case, equation (I7ip also induces a symmetry between y and y 

7 *y = [x(A)F] and fy := [ 7 *Y] = [ X (A)F]. (75) 

Proof. Let Y be a lift of y with / as its conformal Gauss map. Let y = [Y] denote the (non- 
degenerate) dual surface of y if there exists. Let F be a local lift of / with its Maurer-Cartan 
form a = F _1 dF of the form in Proposition 12.21 Moreover, we obtain ttq(F) = [Y] = y from 
(|12|) . Now from the proof of Theorem 15.211 one derives that 7 *-F = x(X)Fk for some k = k(z, z). 
As a consequence, j*F = 7* Fk~ l has the Maurer-Cartan form 

7 *FAT 1 d( 7 * Fk' 1 ) = {x{X)F)- 1 d{ X {X)F) = F~ x dF = a. 

So 7*/ is the conformal Gauss map of 710(7* -F) = ' K o{x{X)F) = [ X (X)Y\. On the other hand, 
7*/ is also the conformal Gauss map of 7*y and r y*y if y exists as an immersion. Therefore we 
obtain 

h*Y] = [ X (X)Y] or [ 7 *Y] = [ X (X)Y]. 
When [y*Y] = [x(X)Y], for the same reason we also have [7*^] = [ X (A)Y]. As a consequence, 

[7*(7*}0] = lx(X) 2 Y], and [ 7 *(7*Y)] = [x(X) 2 Y]. 

□ 
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5.5 Willmore surfaces admitting one-parameter groups of isometries 

Equivariant surfaces, i.e. surfaces admitting one-parameter groups of isometries have been 
discussed for many surface classes [13], [32]. In the case of Willmore surfaces the variety of 
such surfaces seems to be much larger than for the usual surface classes in M 3 or other three 
dimensional space forms. 

Consider the holomorphic potential 



7] = X 1 r]-i + r/o + Xrji, 
where we assume that r] £ AQ a . Then the solution to 

dC = Cr] with intial condition C{z = 0, A) = e 

has the property 



(76) 

(77) 
(78) 



C(z + t,X) = xt(X)C(z,X). 

Since we have assumed rj E Ag^, clearly XtW = exp(tr/) £ AG a for all tel. 

As a consequence, the results above apply and we obtain the one parameter group XtW 
acting on the harmonic map associated with rj. Now let us look at the Iwasawa decomposition 
C(z, X) = F(z, z, X)F + (z, z, A). We then derive from above 



Putting 

this equation is equivalent with 



a 



F(z,z,X) = e z W(y,X)- 
= F~ 1 dF = a'dz + a"dz, 



i . ii 

a + a 



i(ol - a") = V~ l ij]V + V^dV. 
Inserting (f79|) into (j80j) . we obtain 

V' = V(i(a' - a")) + i(a' + a")V. 



(79) 
(80) 

(81) 



More discussion on these three equations will yield detailed properties of equivariant Willmore 
surfaces, which we will leave for a future discussion. In this paper we only give some examples. 

Example 5.23. Example 15. 121 in ([55]) . Example 15. 131 in (f60l) . and the new Willmore 2-sphere in 



62|) . all admit a one-parameter group of isometries. To be concrete, let Jt( z ) 



ze 



for z G 



This provides a one-parameter subgroup of automorphisms of S 2 , namely, the group of rotations 
on S 2 preserving and oo. 

1. One can easily verify for Example 15.121 



x\{^t{z)) = R t ■ x\{z) 



with 



Rt. 



( 1 



V 



\ 



cos t — sin t 
sin t cos t 



cos t — sin t 
sin t cos t J 



2. For Example 15.131 we have 



x\{~it{z)) = R t ■ x\(z) 
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with 



Rt 



( l 



V 



cost 
sini 



- sint 
cos t 



cos 2t — sin 2t 
sin 2t cos 2t j 



2. For the example in (I62p . we have 



^a(7*( 2 )) = Rt ■ x\{z) 



with 



/ 1 



R, 



\ 



cos t — sin t 
sin t cos t 

cos 2t — sin 2i 
sin 2t cos 2i 

cos i — sin t 
sin i cos t ) 

Remark 5.24. The examples above show that it is possible to compute at least some examples 
quite explicitly. The general picture has many parameters and needs more computations. One 
of the very interesting cases of the above discussion are Willmore tori. This is another topic to 
be investigated separately. 

5.6 Homogeneous examples 

In the previous subsection we have given some examples for Willmore surfaces in S n+2 , which 
admit a one-parameter group of extrinsic isometries. Since in S n+2 the corresponding group 
SO + (l,n + 3) of conformal transformations does contain abelian subgroups of dimension at 
least 2 for any choice of n E Z + , one can also consider the case of Willmore surfaces which are 
invariant under a two-parameter abelian group. 

Definition 5.25. A Willmore immersion y : D — > S n+2 is called homogeneous if there exists a 
group T := {(7,,R 7 ) : 7 G AutB,R € SO + (l,n + 3)} such that 



2/(7 • z) = Rry ■ y(z), for all z £ D and (7, Ry) G T. 



(82) 



A general discussion of such surfaces can not be included into this paper. But we will 
construct some examples. 

Let 7] = (A -1 -B + A)dz with A, B constant matrices satisfying 



[X^B + A,\B + A] =0. 



Then 



^(X^B+A) = e z{X- 1 B+A)+z(XB+A) . e ~z{XB+A) 

is an Iwasawa decomposition, producing the extended frame 

z{X- 1 B+A)+z(XB+A) 



Clearly, 



F(z,z,X) = e z 
a = F^dF = (\~ 1 B + A)dz + {XB + A)dz. 
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Conversely, assume the Maurer-Cartan form a of some extended frame associated with some 
Willmore immersion has constant coefficient matrices. Write a = (X _1 B + A)dz + (XB + A)dz, 
then the integrability condition for a implies that [(\~ 1 B + A), (XB + A)] = 0, and F(z, z, X) = 
e z(X- 1 B+A)+z(XB+A) with F(0,0, A) = I n+4 , follows. 

It is easy to see that F is generated by the holomorphic potential r/ = (X~ 1 B + A)dz, where 
[(X^B + A), (XB + A)] = 0. In this case we obtain for all z £ D, u £ C: 

y ( z + u ,z + u) = e ^- 1 B+A)+z(XB+A) y ^ -y 

Recall that a vacuum solution [14] 

rj = (X' 1 B)dz, with [B, B] = 0, 

produces a harmonic map /. For / being a strongly conformally harmonic map, one needs to 
assume that 



B = ( _^ Ji 3 * ) , with B\l^ Bl = 0. 



Moreover, as shown in Lemma 13.4^ there exists some Li € S'0 + (l,3) such that LiB x is of the 
form stated in Lemma 13.41 By Theorem 13.101 one sees that the maximal rank of B\ must be 
one if / is the conformal Gauss map of some Willmore map y. Hence we may assume that 



B\ = (vi, • • • ,v„) with Vj = (cij + ibj)v ,aj,bj e R,j = 1, 



, n. 



Here vo £ Span c {(l, —1,0, 0)*, (0, 0, 1, i)*}. Since the rank of Span^l • • • , (a n ,b n )} is no 
more than 2, there exists some L2 £ SO(n) such that 



SiL 2 = v (cii + ih, ■ ■ ■ ,a n + ib n ) L 2 = y(di + ih)v , (d 2 + ib 2 )vo, 0, • • • , 
As a consequence, we obtain 

Proposition 5.26. Let f be the conformal Gauss map of a Willmore surface. If f is a vacuum 
solution, then a normalized potential of f is 



V = ^ 1 [ £,? T B } ) dz with Bi 
— - t 'l-'l,3 



/ Cl C Cl \ 

-Cl -c ci 

C3 C0C3 

V ic 3 ic c 3 ) 



and cq, c±, C3 G C. (83) 



One the other hand, when 4/0, the normalized potential associated with rj = (X 1 B + 
A)dz is no longer constant, whence the corresponding harmonic map is not a vacuum solution. 
Therefore, potentials of the type rj = (A _1 A + B)dz, with [(X~ 1 A + B), (XA + B)] = and 
i? 7^ 0, produce homogeneous Willmore surfaces which cannot be generated by a vacuum. For 
Willmore surfaces of this type, we have the following examples, some of which appear for the 
first time to the authors' knowledge: 

Example 5.27. Let y = [Y] : S 1 x R 1 S 4 be a cylinder 

Y = (cosh av, sinh av, cos u cos bv, cos u sin 6u , sin u cos bv, sin -u sin bv) f (84) 

with a 2 + b 2 = 1, a, 6 G M. Note that when a = we obtain the Clifford torus in 5 3 C S 4 , and 
when b = we obtain the round sphere with the north pole removed. (For a detailed discussion 
on Willmore tori in S 4 , we refer to [5] and |46j.) 



43 



Direct computation shows Y z = \{e\ — ie?) with 

J ei = (0, 0, — sin u cos bv, — sin u sin bv, cos u cos bv, cos u sin £w) , 

1 e 2 = (asinhaw, a cosh av, —b cos it sin bv, b cos u cos feu, —6 sin u sin bv, b sin it cos bv) 



And 



Xs2 — 



— — — — [ — ^—t cosh aw, - — ^—r sinhau, cosucosou, cosusinov, sinucosov, sinusinou ) 
4 V 1 + b 2 l + b 2 J 

-a 2 

22 =—^- (cosh av, sinh av, cos u cos 6w, cos u sin 6w, sin u cos ov, sin w sin bv) 
ib 

— — (0, 0, sinwsinov, — sinucosow, — coswsinov, cosucos&w). 

2 w u 

So we see that s = re = — yY>2, with 

\ ipi = (— 6 sinh aw, — 6 cosh aw, — a cos nsin6w, a cos u cos 6u, — a sin it sin bv, a sin it cos bv) 
]tp2 = (0, 0, sin u sin fry, — sin u cos fry, — cos u sin feu, cos it cos bv). 

It is straightforward to derive D z il>i = %ip2, D z ip2 = — §"01- So we verify easily that 



a s 
D z D z k = —k = — —re, 



i.e., y is a Willmore immersion. Moreover, the Maurer-Cartan form i 
fore providing a holomorphic potential of y of the form 



fj = 



dz 
4^2 



V 







1 -3 
-i{l + 2a 2 ) i(l + 2b 2 ) 

2iab\- 1 2iab\- 1 





1 

3 




-i2V2bX- x 



-i(l + 2a 2 ) 2iab\- 1 

-i(l + 2b 2 ) -2iab\- 1 

i2V2b\- 1 

2 V / 26A" 1 

-2y/2a 

-2X/26A" 1 2\/2a 



is a constant matrix, there- 
\ 

• (85) 

J 



The following example of the Veronese sphere shows that not all homogeneous Willmore 
surfaces have an abelian transitive group. 

Example 5.28. It is well-known that the Veronese sphere in S* 4 is a homogeneous minimal 
surface. It is given by 



' a2+b l- 2C \y- 3a o,V- 3b c,^ a2 - b2 \V3ai)' (86) 



with a 2 + b 2 + c 2 = 1. Setting a = ^±§, b = ^+/ } , c = 4^, with r = \z\, z £ C, we can 
re-parameterize y in terms of the conformal coordinate z on C C S 2 , that is 

_ / 2r 2 -(l-r 2 ) 2 V3(z + z)(l - r 2 ) -iV^jz - - r 2 ) y^z 2 + z 2 ) -zy^-z 2 ) ^ 
f-l (i +r 2)2 ' (l + r 2 ) 2 ' (1+r 2 ) 2 ' (1+r 2 ) 2 ' (1 + r 2 ) 2 )' ( ' 
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Computing the structure equations of y in S 4 yields \y z 



(1+r 2 ) 2 



and 



Vzz 
Vzz 



2u z y z + flE, 



E z = aE, 



{ E z = -aE - 4e- 2 "Qy- z . 
with {y,y z ,y z , E, E} providing a moving frame of y in S 4 . And the integrability equations ar 

-K + 1 = 8e- 4ul \n\ 2 , n z = an, a z + a z = -4|Sl|V 2w . 
It is straightforward to derive 



co = i(ln!2-21n(l + r 2 )), Ug = -^-^ 



1 



UJ-, 



K = -ie^co 



1 



n 2 



i 



4uj 

e = 



12 



-, n = 



(l + r 2 ) 2 ' 
2y/S 



LJ, 



3 ' " 12" (l + r 2 ) 4 ' (l+r 2 ) 2 
Setting Y = e~ u (l,y), one obtains directly 

1 



a - ^ 



(l + r 2 ) 2 ' 
-2z 



Q l + r 2 



s = 2uj zz — 2oj z = 0, k = e — ifo) 



1 + v 



■(ipi - iip2 



and 



z 1 1 

(ipi-iip2) + (-a)— — j(ipi - iip2) = 7T- — ^{ipi-iip2), D z D z k = 0. 



(l + r 2 ) 2Vrl ^/ ' v y l + r 2 
Introducing loop A G 5 1 , we have 1a = 



(l + r 2 ) 



2 2r 2 -(l-r 2 ) 2 \/3(z + z)(l-r 2 ) -i>/3(2 - - r 2 ) v^A" 1 * 2 + Az 2 ) —i\/3(X~ 1 z 2 — X, 

1 ~T T , 



l + r 2 



l + r 2 



l + r 2 



l + r 2 



l + r 2 



By above computations it is straightforward to verify that F A 1 i 7 \ 



i 

2^2 









2V2*- 1 (l+r 2 ) 2 ) 


272^ (l+r 2 ) 2 ) 








2 V ^ 1 + (l+r J ) J ) 


2V2^ + (1+^)0 


(! (i +r S)s) 


2v^( 1 + (l+r 2 ) 2 ) 








(1 (l+r 2 ) 2 ) 


2 ^2 (! + (l+r 2 ) 2 ) 








\/2\~ 1 z 


\/2X~ 1 z 


A- 1 


iA" 1 


(l+r 2 ) 2 


(l+r 2 ) 2 


l+r 2 


l+r 2 


-V2iA _1 2 




-iA" 1 


A" 1 


(l+r 2 ) 2 


(l+r 2 ) 2 


l+r 2 


l+r 2 



v / 2A~ 1 z -v^aA" 1 ^ \ 
(l+r 2 ) 2 (l+r 2 ) 2 \ 

(l+r 2 ) 2 (l+r 2 ) 2 
iA - " 



T+r 2 " 

-iA" 1 
l+r 2 



T+r 7 



1+f 7 

-A' 1 
l+r 2 
-2iz 
T+r 7 



with F A = *A* + Y x - Z , -i(Y Xz - Y x - Z ), V^ai, and initial condition F A | 2=0 

/. Therefore we derive 

Proposition 5.29. T/ie normalized potential rj = X^rj-idz o/y relative to the base point z = 
is 








( 
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lz 








\ 


— 5iz 


-liz 


^2 


V2 



5z —5iz \ 

+2 

-7z 7iz 

-1 + 3z 2 i - 3iz 2 
-i-Ziz 2 -l-3z 2 
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Proof. By Wu's formula, we have 



r V2 

6 = — 






-3 


3/ 





5 


-5i 


-3 -5 








3i 5i 



























o \ 







and <5i = 





-B\h r 







Then we have the solution to F cIFq 



5 dz, F \ z=0 



I, is 



/ 


1 










1 




-3z 


-5z 






2V2 




3iz 


5iz 




2\/2 


2s/2 










V 









3z 


3iz 


2V2 


2J2 


5z 


— biz 


2V2 


2^2 


1-z 2 


iz 2 


iz 2 


1 + z 2 















dz, B\ = 






\ 




















1 








l ) 



V2z 
-V2z 

-1 

—i 



i 

-1 



Substituting into Wu's formula, we obtain r]_ 



Fq5iF q 1 , finishing the proof. 



□ 



6 Appendix A: Two decomposition theorems 

In this section we list the relevant facts about the decomposition theorems of the loop group 
ASO + (l, h, C) a with n = n + 3. We will always assume 4 < 1 + h = 2m. In particular, n is an 
odd integer and 3 < h. One of the main result is that there are exactly two open Iwasawa "big 
cells" in the loop group ASO + (l, n, C) a . 

6.1 Birkhoff Decomposition 

For the loop group method used in this paper two decomposition theorems are of crucial impor- 
tance. The first is 

Theorem 6.1. (Birkhoff decomposition theorem) Let G c denote a simply connected complex 
Lie group with connected real form G and let a be an inner involution of G and G c . Then the 
multiplication 

A;G^ x A+G^ A:G^ ■ A + G„ (89) 

is a complex analytic diffeomorphism and the (left) "big cell" A~G^ • A + G„ is open and dense 
in AGp. More precisely, every g in AC.';, can be written in the form 

9 = 9- -ui-g+ (90) 
with g± £ A ± G^, and uj G 2B, the Weyl group of AG^. 

Proof. The decomposition above has been proven for algebraic loop groups in in [41] . Our results 

follow by completeness in the Wiener Topology (see e.g. |26j). □ 

Remark 6.2. Let J denote a nondegenerate quadratic form in M 2m and SO(J) the corresponding 
real special orthogonal group. Let SO(J,C) denote the complexified special orthogonal group. 
Then SO(J,C) is connected and has fundamental group tti(SO(J, C)) = Z/2Z. Moreover, since 
a is an inner automorphism, we have ASO(J,C) = ASO(J, C) a . Therefore 

ir (ASO{J, C) a ) ir (ASO{J, C)) ^ iri(SO(J, C)) ^ Z/2Z. (91) 

The loop group ASO + (l, h, C) CT thus has two connected components. 
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Consider the simply connected cover tt : Spin(2m,C) — > SO(2m,C). Then ir induces a ho- 
momorphism from ASpin(2m, C) CT to (ASO(2m, C)^) , the identity component of ASO(2m, C) CT . 
We will simply write ASO(2m, C)° for (ASO{2m, C) CT )°. Applying Theorem ED for ASO(2m, C)° , 
we obtain 

Theorem 6.3. If one replaces in the theorem above the group G c by ASO(2m,C)®, then the 
statements of the Birkhoff Decomposition Theorem still hold. 

Remark 6.4. 1. If we represent SO + (l,h,C) as the special orthogonal group SO(J) relative 
to the quadratic form J = off-diag{l, • • • ,1} (see [27]) . then it is quite easy to give an explicit 
description of 2H in ASO( J)^. We will not need such an explicit description of 2U in this paper. 

2. Note that the Birkhoff factorization induced from ASpin(2m, C) a only covers the identity 
component of ASO + (l, n, C) a . But this is exactly what we need in our geometric applications, 
since we consider only connected surfaces and assume F(zq, A) = I for some base point zq. 

3. Much of the above is contained in [55], Section 8.5 (see also [56]). Note, however, that 
our real group G = SO + (l,n) is not compact. 

6.2 Iwasawa Decomposition 

For our geometric applications we also need a second loop group decomposition. Ideally we would 
like to be able to write any g 6 ASO + (l, h, C)° in the form g = hv + with h G A5*0 + (l, n)° and 
v + G A + SO + (l, h, C)° . Unfortunately, this is not always possible. We thus obtain 

A50+(l, n, C)° = [j ASO + (l,h)° a ■ 5 ■ A + SO + (l, h, C) a , (92) 
<5es 

where 5 is a complete set of representatives of the orbits (called Iwasawa cells) under the 
group action of ASO + (l,n)° a x A+SO+(l, n, C) a on ASO+(l, h, C)° given by (k,h)-g = kgh' 1 . 
Note that A + SO + (l, n, C)^ is connected but ASO + (l, h) a has two connected components, since 
7ri(50+(l,n)) = Tn{SO(h)) = Z/2Z when h > 3. 

Similar to the case of the Birkhoff decomposition one should first consider the universal cover 
Spin(l,h,C) of SO + (l,h,C), a two-fold covering. The subgroup SO + (l,n) of SO + (l,n,C) 
has as preimage in Spin(l, h, C) the group Spin(l,n)° which is simply connected (For more 
details on the spin groups, see [IS])- We have thus for the untwisted loop groups the "Iwasawa 
decomposition" 

ASpin(l, n,C) = U ASpin(l,h)° ■ 5 ■ A + Spin{\, h, C). (93) 

In the work of Kellersch |42j . a detailed description of 3 was given. We will not need such 
details for this paper. We are primarily interested in a description of all open Iwasawa cells. 
Clearly, ASpin(l,h)° ■ A + Spin(l,h, C) is open in ASpin(l, h, C) . 

Theorem 6.5. ASpin(l,h,C) has exactly one open and dense Iwasawa cell with regard to 
ASpin(l,n)° . 

Proof. Let U denote a maximal compact subgroup of Spin(l, h, C). Then U is simply connected, 
since Spin(l,h,C) is simply connected. Now the claim follows from [42J, Theorem 4.58. □ 

Let's now consider the case of twisted loop groups. Let a denote the involution of so(l, h, C) 
defining so(l,3) ©so(n — 3) inside so(l,n) and r the anti-linear involution defining so(l,n) in 
so(l,n, C). Finally, let 9 denote the anti-linear involution defining so(l + n)* = so(l + n) in 
so(l + n,C). 



47 



All these involutions have extensions to involutions of Spin(l + n, C) and commute pairwise. 
We thus obtain 

ASpinfl, h, C) a = (J ASpin(l, n)° • <5 • A + Spin(l, h, C) a . (94) 

and via the natural projection 

Theorem 6.6. (Iwasawa decomposition theorem) 

A(SO+(l, h, C) a )° = \J ASO + (l, n)l-S- A+SO+(l, n, C) a . (95) 
<SeA 

Moreover, the image of any open Iwasawa cell in ASpin(l,n,C) a is an open Iwasawa cell in 
A(SO+{l,n,C) a )°. 

Theorem 6.7. A(SO + (l,h,C) a )° has exactly two open Iwasawa cells relative to ASO + (l,n)®. 

Proof. The argument preceding Proposition 4.5.2 in [17J shows that if g = h5v + is in an open 
Iwasawa cell, ('r(g))~ 1 g is in the big Birkhoff cell. Moreover, (t(5))~ 1 5 = q G K c n U, where 
U = Fix6 and K c = Fixr ^ SO + (l, 3, C) x SO(h - 3, C) in SO+(l, n, C). Kellersch has shown 
in [12], Theorem 4.40, that q can be written in the form 

q = t{u)~ 1 u } for some u G U. (96) 

(This u may not be fixed by a). 

In our setting U = SO(\ + h)* . Every u G U can be written in the form u = h ■ expp with 
t(/i) = h r(p) = —p, since r is a (real) involution of U : A \— > A. Hence q = (r(u)) _1 n = exp 2p. 
In our case, p G LieU is of the form 

^ i a 1 

A straightforward computation shows 

/ II II '811111011 t 

' cos a i 1 1 1 1 1 a 



P= [ ia I' oe 



exp P =\ sin| ' H ; " ccHnaii-i - n t )• ( 97 ) 

* roi a 1 1 rop — aa 



We now return to the discussion of the equation 

q = (r(n)) _1 n = exp(— r(p)) expp = exp2p. 

Since q is fixed by a, we derive from ([9"Tj) that at most the first three coefficients of ^n^rp ^a* 
do not vanish. 

Case 1. sin2||a|| ^ 0. In this case we obtain that at most the first three coefficients of a do 
not vanish and expp is actually fixed by a. Replacing u = hexpp by expp then shows that we 
can assume w.l.g. o~(u) = u. 

Case 2. sin2||a|| = 0. We can also assume sin ||a|| ^ 0, otherwise expp is fixed under r and 
q = id follows. In the present situation we derive from (|96l) that the matrix expp is fixed under 
a only if the matrix P = ^mjrp~^ (2a)(2a)* is of the form 

A 
B 
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with Aq a 3 x 3 matrix. We can assume a / 0. By our assumption sin2||a|| = we know 
cos 2| |a| | = ±1. The case cos 2| |a| | = 1 yields q = id. In the case cos 2| |a| | = —1 we actually 
obtain that the matrix aa* is a block matrix as above. Assume the j— th row, Oj-a* does not 
vanish. Then aj ^ and a has at most the first three coefficients non- vanishing or the last n — 3 
coefficients non- vanishing. 

If the first three coefficients only can be non- vanishing, then o~(p) = p and u = expp is fixed 
by a. In the remaining case cr(p) = —p and <r(exp 2p) = exp 2p. Since the row a of p is real , there 
exists some k G SO(n) C Fixa n Fixr n U such that (r(k))~ 1 qk = k -1 exp 2pk = exp 2{k~ 1 pk) 
is defined by p with representing vector 

a= (0, 0, 0, 7T, 0, • • • ,0).* 

Then the matrix go = ( T (k))~ 1 qk = exp2]5 represents the same (open) Iwasawa cell as q did. 
Note this matrix is of the form 



/ -1 



9o 



\ 



V 



(98) 
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Also note that g is in ASO + (l,n,C)®, since it is of the form exp p. So far we have shown that 
at most two open Iwasawa cells exist in ASO + (l,h, C)° , namely the ones associated with S = id 
and (r(5)) _1 (5 = go- 

The discussion starting with equation (|96j) dealt with elements in U. In all but the last case 
we obtained q = id or q = (r(k))~ 1 k with k £ A + 50 + (l, h, C) CT . For the last matrix, qo, we 
only have a representation of the form go = ( r ( ex PP)) _1 expp with expp in the untwisted loop 
group ASO + (l,h,C). Several possibilities exist, a priori: 



(a), go cannot be written in the form go = r(b) 1 b for any b G ASO + (l. 



n, 



(b) . go can be written in the form go = r(6) 1 b for some 6 G A50 + (l, n, C)° , but actually 
6 G A+SO+(l,n,C)°. 

(c) . go can be written in the form go = r(b)~ 1 b for some b G AS"0 + (1, n, C) CT , but no such 6 
is in A + 50+(l,n,C)°. 

Let's put p* = D{X)pD(X)- 1 with 



D(X) = diagjv 7 !, 1, 1, 1, Vx \ 1, • • • , 1}, 

then p* G Aso(l,n,C) (7 and exp2p* = exp2p. Thus the possibility (a) is ruled out. (Note that 
conjugation with D (A) is a well defined operation on AS'0 + (1, n, C)° .) 

The possibility (b) can be ruled out, since T(t; + )~ 1 i> + = go, equivalently (ru + )go = «+, 
does not have a solution in AS"0 + (1, h, C)^. It therefore only remains to show that the Iwa- 
sawa cell ASO + (l,n)® • (5 • A + S'0 + (1, n, C)^ is open. For this it suffices to prove Aso(l,n) cr + 
(5 _1 A + so(l, n, C)^^ = Aso(l, n, C) CT , but this follows from a straightforward computation. □ 



7 Appendix B: inner symmetric spaces 

Proof of Lemma\4.2U 
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Let G be a simply connected complex Lie group and a, 9, r be as in Section 4.4. Since 
G/K is inner symmetric, there exists some h G G such that 

cr(g) = hgh~ l = Adhg, for all g G G. 

Hence a 2 = id, equivalently, (Adh) 2 = Id holds. Note that Adh is a semi-simple linear trans- 
formation of g c . Therefore, by definition, h is a semi-simple element of G c . Now we need (see 
e.g. Theorem 3.3.9 in [53] ) 

Theorem 7.1. A connected complex Lie group coinciding with its commutator group and having 
a faithful linear representation admits a unique algebraic structure. 

This implies (see e.g. Corollary 1 of [53] and p. 113) 

Corollary 7.2. Every semi-simple element of G c is contained in an "algebraic torus" = (C*) n 
ofG. 

Then we have that h E H C Cent(h) where H is a maximal algebraic torus in G ([53]. p. 
214 last line). Let P = Cent G (h)°. Then P is a connected complex Lie group and it is invariant 
under 9. To show this, we observe first 

php- 1 = h 9(p)9(h)(9(p))~ 1 = 9(h), for all p e P. (99) 

Since a o 9 = 9 o a, we obtain 

h8(x)h- 1 = 8(hxh- 1 ) = 9(h)9(x)(9(h))~ 1 , for all x E G c . 

This is equivalent to 

(h- l 9(h))8{x) = 9(x)(h- 1 9(h)), for all x G G c , 

i.e., 

(hT l e(h)) G Center(G). 

So there exists c G Center(G) such that = he. Hence (|99h implies for all p G P 

9(p) = 8(h)8(p)(9(h))- 1 = (hc)9(p)(hc)- 1 = h8(p)h-\ 

Thus P is a complex Lie group which is invariant under 9. Moreover, P is an algebraic subgroup 
of G c . Concerning the Lie algebra of P , we have 

LieP = LieP n LieU + LieP n (LieU)^. 

since (LieU) 1 - = iLieU, we see that the second summand is LiePCi (LieU) 1 - = i(LieP n LieU). 
Therefore LieP n LieU is a maximal compact subalgebra of LieP. Let a C LieP n LieU be a 
maximal abelian subalgebra , and c = a + ia. Then c is a maximal algebraic torus in LieP. c is 
conjugate to the maximal algebraic torus of LieP. Therefore o is a maximal algebraic torus in 
(LieP fl LieU) C LieU . Obviously a is pointwise fixed by a. Hence, a is an automorphism of 
U fixing a maximal algebraic torus point-wise. Prom Proposition 53, Chap. IX of [36] it now 
follows that U/(U C\ K c ) is an inner symmetric space. (Also see [53], Chap. 4, §4.) □ 
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